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The effect of channel couplings, that is, the coupling of the relative motion
between the colliding nuclei to their intrinsic motions as well as transfer
processes has been by now well known in heavy-ion collisions around the
Coulomb barrier. These channel couplings replace a single barrier with many
distributed barriers. In the fusion reaction, this barrier distribution can be
extracted by taking the second derivative of the product of the center of
mass energy, E, and the fusion cross section, σfus, with respect to E, i.e.,
Dfus = d2(Eσfus)/dE
2 and many experiments have been performed for that
purpose. A similar barrier distribution can also be obtained from the quasi-
elastic scattering (a sum of elastic, inelastic scattering and transfer process)
at backward angles. Fusion and quasi-elastic scattering are related to each
other because of flux conservation, i.e., the fusion is determined by the pene-
tration probability while quasi-elastic scattering by the reflection probability.
The quasi-elastic barrier distribution is defined as the first derivative of the
ratio of the quasi-elastic to Rutherford cross sections with respect to the en-
ergy, i.e. Dqel = −d(dσqel/dσR)dE. Although there have been many studies
on the properties of fusion barrier distribution, Dfus, the theoretical investi-
gation on the quasi-elastic barrier distribution, Dqel, has been rather scarce.
The purpose of this thesis is to study the properties of the quasi-elastic
barrier distribution in comparison with the fusion barrier distribution. The
applicability of the barrier distribution concept in massive systems is also
investigated.
A theoretical framework to describe the channel coupling is first re-
viewed. The coupled channels formalism is introduced using the so-called
no-Coriolis approximation which reduces its dimensions. The method to solve
the coupled-channels equations for heavy-ion fusion reaction and quasi-elastic
scattering is formulated.
The coupled-channels equations are then applied to heavy-ion fusion re-
actions at sub-barrier energies. This aims at studying weather an analysis
of fusion barrier distribution can probe the structure of 72,74Ge. We discuss
the possibility to probe the transitional shape of 74Ge through the fusion
reaction of 74Ge+74Ge. We also discuss the effect of shape admixture in the
ground state of 72Ge on the fusion of 72Ge+72Ge.
We next apply the coupled-channels formalism to the large-angle quasi-
elastic scattering. We first investigate the effects of anharmonic vibration in
144Sm on 16O+144Sm scattering. The same coupling schemes which were pre-
viously used to explain the experimental fusion cross section and barrier dis-
tribution for the same system is employed. It is shown that the anharmonic
excitations in 144Sm play an important role in the description of experimental
quasi-elastic cross section, although the quasi-elastic barrier distribution has
a distinct high energy peak which is somewhat smeared in the experimental
barrier distribution. The effect of proton transfer reaction on this system is
also discussed. We suggest that the experimental data for the barrier distri-
butions of fusion reaction and quasi-elastic scattering can not be accounted
for simultaneously with the standard coupled-channels approach.
Finally, we carry out a detailed coupled-channels analysis for large-angle
quasi-elastic scattering in massive systems. We perform a systematic study
on the effects of multi-phonon excitations on the quasi-elastic cross sections
as well as the barrier distributions for 48Ti, 54Cr, 56Fe, 64Ni, 70Zn+208Pb
reactions. The present coupled-channels calculations well account for the
overall width of the experimental barrier distribution for these systems.
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In particular, it is shown that the calculations taking into account single
quadrupole phonon excitation in 48Ti and triple octupole phonon excita-
tions in 208Pb reasonably well reproduce the experimental quasi-elastic cross
section and barrier distribution for the 48Ti+208Pb reaction. On the other
hand, 54Cr,56Fe,64Ni and 70Zn+208Pb systems seem to require the double
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It has now been well established that the internal structure of the colliding
nuclei strongly influences heavy-ion collisions at energies around the Coulomb
barrier. In particular, the coupling to the collective excitations such as the
rotation and vibrational states in the target and projectile nuclei participat-
ing in the reaction significantly enhances the sub-barrier fusion cross sections
for intermediate mass systems [1, 2]. Such couplings give rise to a distribution
of the Coulomb barrier [1, 2, 3, 4], which can most easily be visualized for
reactions involving a deformed nucleus. In this case, the nucleus-nucleus po-
tential depends on the orientation angle of the deformed nucleus with respect
to the beam direction. Since the orientation angle distributes isotropically at
the initial stage of the reaction, so does the potential barrier. The concept
of barrier distribution can be extended also to systems with a non-deformed
target [3], where the distribution originates from the coupling between the
relative motion and vibrational excitations in the colliding nuclei and/or
transfer processes. Notice that, although this concept is exact only when the
excitation energy is zero, to a good approximation it holds also for systems
with a non-zero excitation energy [5, 6].
A method for extracting the barrier distribution directly from measured
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fusion cross sections σfus(E) has been proposed by Rowley et al.. [7]. They
argued that the barrier distribution can be obtained by taking the second
derivative of the product Eσfus(E) with respect to the center-of-mass energy
E, that is , Dfus = d2(Eσfus)/dE
2. In order to apply this method, exper-
imental fusion cross sections have to be measured with high precision to
make the second derivative meaningful. This has stimulated many attempts
for high precision measurements of the fusion cross section and the validity of
the concept of barrier distribution has been successfully tested for medium-
heavy mass systems [2, 8]. Coupled-channels analyses of these high precision
data have revealed that the fusion barrier distribution is very sensitive to
the details of channel couplings, while the sensitivity is much more difficult
to see in the fusion cross sections [2, 8, 9]. These evidences imply that the
barrier distribution provides a powerful tool for investigating the effects of
channel coupling on heavy-ion fusion reactions at sub-barrier energies. It has
also been shown recently that the concept of barrier distribution is still valid
even for relatively heavy systems, such as 100Mo+100Mo [10].
A similar barrier distribution can also be extracted from quasi-elastic
scattering, i.e., a sum of elastic, inelastic, and transfer processes, at back-
ward angles [11, 12]. This process is a good counterpart of the fusion reaction
[13]. They are complementary to each other because of the flux conser-
vation, where the fusion is related to the penetration probability over the
Coulomb barrier while the quasi-elastic with the reflection probability of the
barrier. The barrier distribution for the quasi-elastic scattering is defined
as the first derivative of the ratio of quasi-elastic to the Rutherford cross
sections dσqel/dσR, with respect to E, i.e. D
qel = −d(dσqel/dσR)/dE. The
similar information is expected to be obtained from this barrier barrier rep-
resentation as that for the fusion reaction. Indeed, the similarity between
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the two representations for barrier distribution has been shown to hold for
several intermediate mass systems, although the quasi-elastic barrier distri-
bution is somewhat smeared and less sensitive to the nuclear structure effects
[11, 12, 14].
There are certain attractive experimental advantages to measure the
quasi-elastic cross section σqel rather the fusion cross section σfus to extract
a representation of barrier distribution [11]. These are : (i) less accuracy
is required in the data for taking the first derivative rather than the second
derivative, (ii) whereas measuring the fusion cross section requires specialized
recoil separator (electrostatic deflector/velocity filter) usually of low accep-
tance and efficiency, the measurement of σqel needs only a very simple charged
particle detector, not necessarily possessing good resolution in energy or in
charge, and (iii) several effective energies can be measured at a single-beam
energy, since, in the semi-classical approximation, each scattering angle cor-
responds to scattering at a certain angular momentum, and the cross section
can be scaled in energy by taking into account the centrifugal correction.
The last point not only improves the efficiency of the experiment, but also
allows the use of cyclotron accelerator where the relatively small energy steps
required for barrier distribution experiments cannot be obtained from the
machine itself. This fact was exploited by Piasecki et al. [15] who took an
astute choice of the scattering angles at which σqel was measured in order
to cover the necessary energy range, while retaining relatively small energy
step. Moreover, these advantages all point to greater ease of measurement
with low intensity exotic beam.
Recently, the method of quasi-elastic barrier distribution has been ex-
ploited in order to extract the barrier distribution for the fusion reactions to
synthesize super-heavy elements [16, 17, 18, 19]. It has been shown that the
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concept of barrier distribution remains valid even for such very heavy sys-
tems once the deep-inelastic cross sections are properly taken into account.
As is expected, the strong channel coupling effects on the barrier distribution
have been observed.
With the improvement of the experimental equipments and methods,
now there exist many available data of the fusion and quasi-elastic cross
sections. With these available data, the study of the effects of the internal
structure of the colliding nuclei involving in the reaction are much more plau-
sible through barrier distribution. So far, the properties of the fusion barrier
distribution have been investigated in many literature (see e.g., Refs. [1] and
[2] for review). On the other hand, the properties of the quasi-elastic barrier
distribution are much less known. The aim of this thesis is then to sys-
tematically investigate the properties of the quasi-elastic barrier distribution
in comparison with the fusion barrier distribution. The applicability of the
barrier distribution concept for massive systems is also explored. We shall
compare our theoretical predictions with the available experimental data.
Theoretically, the standard way to address the effect of channel cou-
plings between the relative motion and nuclear intrinsic degrees of freedom
on heavy-ion reactions is to numerically solve the coupled-channels equations,
including all relevant channels. However the full coupled-channels calcula-
tions quickly become very complicated if many physical channels are included
simultaneously. To solve the equations requires the long computing times and
also it may not be so easy to physically understand the origin of the effects
of channel couplings. For these reasons, several simplifications have often
been made by introducing approximations. Throughout this thesis, we use
the so-called no-Coriolis approximation which has been shown to work very
well for the fusion reaction as well as the large angle quasi-elastic scattering
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[1, 12, 20, 21, 22].
The thesis is organized as follow. In Chapter 2, we discuss the heavy-ion
collision around the Coulomb barrier. Firstly, the experimental method to
measure fusion and quasi-elastic cross sections are reviewed. The coupled-
channels equations are then introduced. The method for solutions of these
equations for fusion reaction and quasi-elastic scattering are presented.
In Chapter 3, light is shed on the barrier distribution representation.
Firstly, we discuss the fusion barrier distribution and review some features
in connection with the channel couplings effects. We then introduce how to
extract quasi-elastic barrier distribution at backward angles. We also review
the scaling property of large angle quasi-elastic scattering. Its similarity with
the fusion barrier distribution is also discussed.
The concept of barrier distribution is then applied to heavy-ion fusion
reaction at sub-barrier energies [23] in Chapter 4. We discuss weather one
can probe the shape transition of 74Ge nucleus [24] through barrier distribu-
tion analysis of 74Ge+74Ge reaction. We also perform the coupled-channels
calculation for 72Ge+72Ge reaction in order to discuss the effect of the shape
admixture of 72Ge [25] on the barrier distribution.
The applications of coupled-channels framework to large angle quasi-
elastic scattering is given the Chapter 5. We discuss the effects of multi-
phonon excitations on quasi-elastic scattering at backward angles, focusing
especially on the role of of anharmonicities of nuclear vibrations [14]. We
carry out systematic study of those effect on the quasi-elastic cross section
as well as barrier distribution, using the vibrational limit of the interacting
boson model. We especially discuss weather the anharmonic double phonon
excitations in 144Sm can explain the experimental data of quasi-elastic cross
section and the barrier distribution for 16O +144Sm system. We compare the
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results with those in the harmonic limit to show that the anharmonicities
play a role in reproducing the experimental quasi-elastic cross section. The
effect of proton transfer reaction on this system is also discussed.
In Chapter 6, we perform the coupled-channels calculations for large
angle quasi-elastic scattering in massive systems [26]. We especially an-
alyze the recent experimental quasi-elastic scattering data of 48Ti, 54Cr,
56Fe, 64Ni, and 70Zn+208Pb reactions leading to super-heavy elements Z =
104, 106, 108, 110 and 112, respectively [18, 19]. The study is focused on
the role of multi-phonon excitations of the target and the projectile nuclei in
explaining the experimental data of the quasi-elastic cross sections as well as
the barrier distributions of these massive systems.
Finally, the summary of the thesis is presented in Chapter 7.
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Chapter 2
Heavy-ion Collision Around the
Coulomb Barrier
2.1 Introduction
In this chapter, heavy-ion collision at energies around the Coulomb barrier
are discussed. We particularly explain two different processes that are the
fusion reaction and the quasi-elastic elastic scattering (sum of elastic and
inelastic scattering and transfer processes). The quasi-elastic scattering is a
good counterpart of fusion reaction [13] and they are related to each other
because of flux conservation [11, 12].
Fig. 2.1 shows a typical interaction potential between two heavy-ions
for the s-wave scattering. It has a potential barrier due to the competition
between the long range repulsive Coulomb potential and the short-range
attractive nuclear potential. It is called the Coulomb barrier. We denote
the barrier position by Rb, the height of the barrier by Vb and the potential
pocket by rabs. The barrier height for a finite partial wave is approximately
given by adding the centrifugal potential energy at Rb to the s-wave Coulomb























Figure 2.1: The interaction potential between heavy-ions for the s-wave scat-
tering as a function of their separation distance r for the 16O+144Sm system.
The solid line represents the total potential. The dotted line shows the nu-
clear potential while the Coulomb potential by the dashed line
In this work, we will study the reactions of medium-heavy and massive
systems. We assume that the fusion reactions certainly take place once the
flux of the particle transverses the Coulomb barrier while the other flux is
reflected by the barrier as the quasi-elastic scattering. We first review the
experimental methods to measured the fusion and the quasi-elastic cross




In general, the compound nucleus formed in the heavy-ion fusion reaction is
highly excited and decays by emitting light particles such as neutron, pro-
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Figure 2.2: The experimental evaporation residue and fission cross sections
for the 16O+186W [30] (left panel) and 16O+208Pb [31] (right panel) reactions.
The evaporation residue cross sections are denoted by the filled circles, while
the fission cross sections are open circles. The total fusion cross sections are
given as the sum of the evaporation residue and the fission cross sections.
tons, α-particles, γ- and X-rays, or by fission. If the charge of the compound
nucleus is smaller than about 70, the probability of fission is negligible, and
the compound nucleus essentially decays only by the former process, i.e.
evaporation. The decay product is called an evaporation residue and has the
mass and charge closed to those of the compound nucleus. For a heavier
compound nucleus, decay by fission competes successfully with evaporation
residue [27, 28, 29]. The total fusion cross section is then defined as the sum
of the fission and the evaporation residue cross sections. Fig. 2.2 shows the
measured evaporation residue and the fission cross sections for the 16O+186W
[30] and 16O+208Pb [31] reactions. The filled and open circles are the evapora-
tion residue and the fission cross sections, respectively. One can immediately
see that the evaporations dominate in the decay modes of the compound
nucleus formation in the 16O+186W reaction, while fission plays a major role
in the 16O+208Pb system.
When the charge of the compound nucleus is larger than about 90, fis-
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sion dominates in the decay processes and the contribution from evaporation
becomes negligible even at energies below the Coulomb barrier. For such
system, quasi-fission may sometimes take place, especially when the target
nucleus is deformed [32, 33, 34]. Quasi-fission is interpreted as a process
where di-nucleus, which is formed by overcoming the Coulomb barrier, sepa-
rates into two nuclei before transversing the fission potential to form a com-
pound nucleus. Strictly speaking, cross sections of quasi-fission should not
be included in the total fusion cross section, since the compound nucleus is
not formed in such process. However, if the theoretical model does not take
into account the dynamics after the Coulomb barrier, as that used in this
thesis, the measured quasi-fission cross sections have to be added to the total
fusion cross section in order to make a comparison between the experimental
data and such theory [32]. In such case, fusion cross sections are regarded as
barrier transverse cross sections, rather than cross sections of the compound
nucleus.
2.2.2 Evaporation residue detection
Direct detection
The direct detection is (if possible) the most unambiguous method for de-
termining evaporation residue cross sections. Evaporation residues have a
similar momentum to the incident beam, and their angular distribution lies
within a few degrees peaked about the beam direction. Fig. 2.3 shows typ-
ical angular distributions of evaporation residues in the forward direction
which is peaked at around 0 degree. The angular distributions of the evap-
oration residues have two peaks. For angles close to the beam direction, the
main contribution is from neutron and proton evaporations, while the shape
of angular distribution at larger angles results from α-particle evaporations
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Figure 2.3: The experimental angular distributions of evaporation residues
for the 16O+154Sm reaction. Taken from Ref. [8].
because of the larger momentum transfer associated with α-particles. The
angular distribution of elastically scattered beam particle is also peaked at 0
degree, and such beam-like particles are, at forward angles, up to 1010 times
more intense than the evaporation residues. Therefore, in order to accurately
measure the evaporation residue cross section in the presence of the intense
beam-like particles, one has to spatially separate the evaporation residues
from the beam-like particles. Recoil separators [35], electrostatic reflector
[36] and compact velocity filters [37] are used for this purpose.
We present here as an example the compact velocity filter used by the
Canberra group to measure the evaporation residue cross sections for 16O
+ 144,148,154Sm, 186W as well as 17O + 144Sm reactions [8]. Fig. 2.4 shows a
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Figure 2.4: Schematic view of the experimental set-up which was used by
the Canberra group to detect evaporation residues. Taken from Ref. [38].
sketch of experimental set-up (see Refs. [8, 37, 38] for more details). Par-
ticles entering the velocity filter are subjected to orthogonal to the electric
and magnetic fields. Assuming that the velocity of the particle is in the
z-direction, the electric and the magnetic fields are imposed in the x- and
y-directions, respectively. The force acting on the particles is then directed
towards the x-direction and its strength is given by
F = q(E − vB) (2.1)
where q is the charge of the particle, v its velocity and E and B are the
strength of the electric and magnetic fields, respectively. One can, therefore,
select a particular ratio of the electric and the magnetic fields so that the
force acting on the particle which has a certain velocity is zero. Only particles
which have such velocity are not deflected and are then transmitted through
the detector. In practice, the ratio is determined so that the deflection of the
evaporation residues is minimized. The beam-like particles suffer from more
deflection and the most of them are stopped before entering the detector.
Although the intense beam-like particles are drastically suppressed by
15
Figure 2.5: Energy loss plotted against time of flight for the 16O+144Sm
reaction at energy 68 MeV in the laboratory frame. Taken from Ref. [8].
the velocity filter, not all of them are prevented from entering the detector.
The identification of the evaporation residues is accomplished by measuring
their energy loss in the detector and time-of-flight (TOF). Particles which
pass through the gas detector ionize the gas molecules and lose their energy
according to the Bethe-Bloch formula for stopping powers, which depends
on the charge, the velocity, and the mass of the particle [39]. In the gas
detector, an electric field is applied in order to collect electrons generated
by the ionization process, before they recombine together with ions to form
molecules. Within a certain range of the electric field, the energy loss of
the particle is approximately proportional to the number of electrons which
are ionized, and thus the energy loss can experimentally be determined by
counting the number of electrons. Fig. 2.5 shows the energy loss plotted
against the time-of-flight for the 16O+144Sm reaction at energy 68 MeV in
the laboratory frame as an example [8]. The energy loss and the time-of-flight
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cannot simultaneously specify the charge, velocity and the mass of particles
which enter the detector. Nevertheless, it is remarkable that the evaporation
residues are well separated from beam-like particles.
The number of events Y which are detected by the monitor PC (MWPC),









where I and N are the number of beam particles per-unit time and the
number of the target nucleus per-unit area, respectively. ∆Ω is an acceptance
of the velocity filter which includes the information of its solid angle. The
product IN is determined by monitoring the elastic scattering events with
monitor detector (denoted by monitor in the Fig. 2.4), located at certain
angle θM . Assuming that the cross section is well described by the Rutherford









where YM is the number of elastic scattering events observed by the monitor

























The total cross section is obtained by integrating Eq. (2.5) over all angles θ.
Indirect detection
Alternative methods to detect evaporation residues are to measure their char-
acteristic X-rays [40] or α-decays [31]. The idea of the X-ray detection is
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Figure 2.6: Experimental angular distribution of fission fragments for
28Si+208Pb reaction, in energy step 4 MeV in the laboratory frame. Taken
from Ref. [32].
based on the fact that electron captures and internal conversion processes
become the major decay modes for the heavy nuclei. For lighter systems
where this method is not so efficient, γ-rays are measured instead of X-
rays, if the γ-decay spectrum for all the residues are known in detail. The
method of α-particle detection was applied by the Canberra group to detect
the evaporation residues of 16O + 208Pb reaction [32]. Since the evaporation
channel for this reaction is characteristic by a decay chain whose α energies
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and half-lives are well known, measured multiplicities of α-particles, accom-
panied with their energy, can be converted to to evaporation residue cross
section.
2.2.3 Fission detection
Fission cross sections are obtained by measuring the angular distribution of
the fission fragments. Fission fragments are separated from the beam-like
particles either by measuring the energy loss and the time-of-flight [31], as in
the case of evaporation residue detection, or by simultaneously detecting both
fission fragments from the compound nucleus or its daughter [33]. Fig. 2.6
shows the experimental angular distributions of the fission fragments for the
28Si+208Pb reaction [32] as a typical examples. In a system where the target
is fissile, a transfer reaction with positive Q-value followed by the fission may
take place before the projectile transverses the Coulomb barrier. This yield
is called the transfer fission and has to be excluded from the total fusion
cross sections. Such experimental techniques have been developed by the
Canberra group and applied to the 16O+238U system to obtained the high
precision fusion cross sections [33].
2.3 Large Angle Quasi-elastic Scattering
2.3.1 Experimental method
In general, the residual of in-going flux particles which are not transmitted
trough the Coulomb barrier is reflected. This reflected flux can be quantified
in term of differential quasi-elastic scattering cross sections. The word quasi-
elastic scattering comprises the elastic, and inelastic scattering and reactions
involving the transfers of few nucleon between the colliding nuclei. In this
section, we explain the experimental methods to measure the quasi-elastic
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Figure 2.7: Schematic view of the experimental set-up which was used by
the Canberra group to detect the quasi-elastic scattering at backward angles.
Taken from Ref. [41].
cross section. The two different methods for measuring the cross section are
introduced [41]. The first one is the detection of the scattered projectile-
like nuclei at backward angles and the other is by measuring the recoiling
target-like nuclei at forward angles.
Detection at backward angles
The experimental set-up to measure the quasi-elastic scattering at backward
angles is illustrated in Fig. 2.7. A gas-ionization detector was positioned
at a certain angle θ relative to the beam direction. The Canberra group
chooses this angle to be θ = 170◦. We will discuss about how to choose
the best position of the detector in performing the experiment in Section
3.2.2. This detector measure the energy loss ∆E of the scattered particles.
To measure their residual energy Eres, the silicon surface-barrier detector
is placed at the edge of the gas-ionization detector. For each beam energy
the combined information from these two detectors allows the identification
of the atomic number of the detected nuclei, as shown in Fig. 2.8(a) for the
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Figure 2.8: Panel (a) shows the two-dimensional ∆E versus Eres for the
16O+144Sm reaction at energy 73 MeV and θ = 170◦ in the laboratory frame;
the scattered particles are clearly separated according their atomic numbers.
Panel (b) shows the energy spectrum of the scattered oxygen nuclei; the
channels associated with the 0+ and the combination of the 2+ and 3− states
of 144Sm are resolved. Taken from Ref. [11].
16O+144Sm reaction. In Fig. 2.8(b), the elastic events is clearly resolved from
the inelastic events in the energy spectra. This allows the extraction of the
elastic scattering differential cross sections.
Detection of recoils at forward angles
The quasi-elastic scattering cross section can also be measured parallel with
the fusion measurements through the detection of target-like nuclei. The
recoils are detected by using the four monitor detectors at located at forward
angle θlab. For elastic scattering the scattering angle of the recoiling target-
like nucleus θ′lab and the angle of the scattered projectile-like nucleus θlab are
21
Figure 2.9: A typical energy spectrum of the particles detected by the mon-
itor detector placed at forward angles θ = 22◦. The overwhelming number
of counts is comprised by the Rutherford scattering peak at 138 MeV. The
dashed lines indicate the position of the gate. Taken from Ref. [41].















Thus, for example, for the 40Ca+96Zr scattering, the detections of the
recoiling zirconium nucleus at θ′lab = 22
◦ correspond to a scattered of 40Ca
projectile at θlab = 113.5
◦ for 96Zr, respectively. In this case, the scattering






A typical energy spectrum of particles detected with θlab = 22
◦ detectors
is shown in Fig. 2.9. In this spectra the recoil peak has been identified using
its energy relation to the Rutherford scattering peak as given by the reaction
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kinematics. The recoil peaks have been integrated in the spectra of four
monitor detector using a fixed gate which was shifted proportionally to recoil
energy. The number of counts have been reduced by a background estimated
as obtained from a region close to the peak. For each energy the recoil counts
of the four detector have been added and divided by the number of counts in
the Rutherford scattering peak. The differential quasi-elastic cross sections
have been normalized to the Rutherford cross section so that the data points
at the lowest energies equal to unity.
2.4 Formal theory of scattering
In this section, we use a single-channel potential model derive the basic for-
mula to calculate the elastic and the fusion cross sections. The Schödinger





∇2 + V (r)− E
]
ψ(r) = 0 (2.8)
where V (r) is the total potential as a sum of nuclear and Coulomb potential,
V (r) = VN(r) + VC(r) and µ is the reduced mass of the system. In the
absence of the potential V (r), this equation can be explicitly solved in the
form ψ = exp(i~k · ~r), ~k being the wave number vector whose magnitude is
given by k =
√
2µE/~2. This solution has an asymptotic form of















where θ is the angle between ~r and ~k, and Pl are the Legendre polynomials.
In the presence of the potential, the behavior of the solution is modified.
Since the potential goes to zero at infinity, the asymptotic form of the wave
function can be written down in a similar way to Eq. (2.9). Replacing the
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plane waves with the corresponding Coulomb waves, the asymptotic form
reads




















l (kr) and H
(−)
l (kr) are the outgoing and the incoming Coulomb
waves, respectively. Sl is called the nuclear S-matrix and in general is a
complex quantity.
The S-matrix is evaluated as follows. Expanding the wave function ψ(~r)










where Alm being the expansion coefficients, the Schrödinger equation which












ul(r) = 0. (2.12)
This equation is solved under the boundary conditions





l (kr) r →∞ (2.14)
When the nuclear S-matrix, Sl is obtained, the differential elastic cross sec-










(2l + 1)Pl(cosθ)(1− Sl). (2.16)
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(2l + 1)|Sl − 1|2. (2.17)
Fusion reactions can be regarded as absorption of the incident flux. When
the potential is complex, the absolute value of S-matrix is less than one, i.e.
|S| < 1, and the difference of the total radial flux between the incoming and
the outgoing waves is evaluated from Eq. (2.10) as












In evaluating Eq. (2.18), the radial flux has been integrated for all possible
values of θ. Divided by the incident flux v = ~k/µ, the fusion cross section











In the heavy-ion fusion reactions, instead of imposing the regular boundary
condition at the origin (2.13), the so-called incoming wave boundary condi-
tion (IWBC) has been often applied with keeping the potential real [3, 21, 42].









r ≤ rabs, (2.20)
at the distance smaller than the absorption radius rabs, which is taken to
be inside the Coulomb barrier. kl(r) is the local wave number for the l-th











The incoming wave boundary condition corresponds to the case where there
is a strong absorption in the inner region such that the incoming flux does
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not return back. For heavy-ion fusion reactions, the final results does not
depend so much on the choice of the absorption radius rabs, and it is often
taken to be at the minimum position of the potential (see Fig 2.1). With
the incoming wave boundary condition, Tl in Eq. (2.20) is interpreted as the
transmission coefficient, and thus the S-matrix, Sl, in Eq. (2.14) is nothing






(2l + 1)Pl(E) (2.22)
where Pl(E) is the penetrability for the l-wave scattering which is defined as




for the boundary conditions (2.13) and (2.20).
2.5 Coupled-channels formalism
2.5.1 Coupled-channels equation with full angular mo-
mentum
Let us now consider the effect of coupling to intrinsic degrees of freedom in
the heavy-ion collision around the Coulomb barrier. When the number of
the intrinsic degrees of freedom is not so large, one can address this problem
by explicitly solving the Schrödinger equation.
Extensive experimental as well as theoretical studies have revealed that
large enhancement of the fusion cross section below the Coulomb barrier can
be attributed to the effect of the coupling of the relative motion between
the colliding nuclei to several intrinsic motions [1, 2, 43]. The similar effects
are also found in the quasi-elastic scattering, where the cross sections above
the Coulomb barrier are larger than the prediction of one dimensional model
[11, 12, 17, 19]. Among the possible intrinsic excitations of the nucleus, it
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has been revealed that the most relevant nuclear intrinsic motions to heavy-
ion collisions are the low-lying collective motions, e.g. low-lying vibrational
excitations with several multi-polarities, or the rotational motion of deformed
nuclei [1, 2]. In some cases, the coupling to particle transfer reactions also
plays a role [11, 48, 49, 50, 51]. In this section, we formulate the coupled-
channels framework for the heavy-ion fusion reaction and large angle quasi-
elastic scattering.
Consider a collision between two nuclei in the presence of the coupling
of the relative motion between the center of mass of the colliding nuclei, ~r =
(r, r̂), to a nuclear intrinsic motion ξ. We assume the following Hamiltonian
for the system
H(~r, ξ) = − ~
2
2µ
∇2 + V (r) +H0(ξ) + Vcoup(~r, ξ). (2.24)
Here µ is the reduced mass of the system, V (r) the bare potential in the
absence of the coupling which is consist of nuclear and Coulomb parts, V (r) =
VN(r) + VC(r), H0(ξ) the Hamiltonian for the intrinsic motion and Vcoup the






∇2 + V (r) +H0(ξ) + Vcoup(~r, ξ)
)
Ψ(~r, ξ) = EΨ(~r, ξ) (2.25)
In general the internal degree of freedom ξ has a finite spin. We therefore




fλ(r)Yλµ(r̂) · Tλµ(ξ). (2.26)
Here Yλµ(r̂) are the spherical harmonics and Tλµ(ξ) are the spherical tensors
constructed from the internal coordinate. The dot indicates a scalar product.
The sum is taken over all value of λ except for λ = 0, which is already included
in V (r).
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For a fixed total angular momentum J and its z-component M , the




〈lmlImI |JM〉Ylml(r̂)ϕnImI (ξ), (2.27)
where l and I are the orbital and the internal angular momenta, respectively.
ϕnImI (ξ) are the wave functions for the internal motion which obey
H0(ξ)ϕnImI (ξ) = εnϕnImI (ξ) (2.28)


























n′,l′,I′(r) = 0 (2.30)
where the coupling matrix elements V JnlJ ;n′,l′,I′(r) are given as







(2l + 1)(2I + 1)
{




The reduced matrix elements in Eq. (2.31) are defined by
〈lml|Yλµ|l′ml′〉 = 〈l′ml′λµ|lml〉〈l‖Yλ‖l′〉. (2.32)
The index M in V JnlJ ;n′,l′,I′(r) have been suppressed, since they are indepen-
dent of that quantum number as is seen in Eq. (2.31). Eq. (2.30) are called
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coupled-channels equations. In the case of heavy-ion fusion reaction, these



























2µ(E − εnI)/~2, knIi = k =
√
2µE/~2 and the local wave






E − εnI −
l(l + 1)~2
2µr2
− V (r)− V JnlI;nlI(r)
)
. (2.35)
Once the transmission coefficients TJnlI is obtained, the penetrability through







where k = kni,Ii is the wave number for the entrance channel. The fusion
















If the initial intrinsic spin Ii is zero, the initial angular momentum li is J .






(2J + 1)P J(E). (2.38)
which is similar to the Eq. (2.22) except that the penetrability P J(E) are
influenced by the channel couplings.
In the calculation of quasi-elastic cross sections, in contrast to the fusion
calculation, a large value of angular momentum is often required in order to
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obtain the converged results. For such large angular momentum, the poten-
tial pocket at r = rabs becomes shallow or even disappears, and the incoming
flux in Eq. (2.33) cannot be defined properly. Therefore, for the quasi-elastic
problem, instead of the incoming boundary conditions, the regular boundary
conditions is often employed at the origin. With this, one needs to use a com-
plex potential, VN (r) = V
0
N(r)+ iW (r), to simulate the fusion reaction. Once
the nuclear S-matrix in Eq. (2.34) is obtained then the scattering amplitude
is evaluated as












where σl is the Coulomb phase shift and fC is the Coulomb scattering am-
plitude. They are given as
σl = arg Γ(l + 1 + iη) (2.40)
where η = Z1Z2e





exp[−iη ln{sin2(θ/2)}+ 2iσ0(E)], (2.41)









and from Eq. (2.41), we obtain the Rutherford cross section
dσR(θ, E)
dΩ









2.5.2 Coupled-channels equations in the no-Coriolis ap-
proximation
The full coupled-channels calculations (2.31) quickly become very difficult
to handle if many physical channels are included. The dimension of the re-
sulting of coupled-channels problem is in general too large for the practical
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purposes. For this reason an approximation called the no-Coriolis approxi-
mation, which sometimes is referred to as the rotating frame approximation
or iso-centrifugal approximation, has often been introduced [20, 52, 53, 54,
55, 56]. The no-Coriolis approximation was first introduced in the fields of
chemistry under the name of centrifugal sudden approximation [57, 58, 59].
This approximation has also been applied to the problem of electron molecule
scattering [60] .
Let us assume, for simplicity, that the initial intrinsic spin is zero. In the
no-Coriolis approximation, one transforms the whole system to the rotating
frame where the z-axis is along the direction of the relative motion ~r at
every instant [61]. This is achieved by replacing the angular momentum of








This corresponds to the assumption that the change of the orbital angu-
lar momentum between the colliding nuclei due to the excitation of the
intrinsic degree of freedom is negligible. As the operator for a rotational
coordinate transformation in the whole space then commutes with the cen-
trifugal operator for the relative motion, one can then make the transforma-
tion to the rotating frame without introducing any complication [61]. Using
Yλµ(r̂ = 0) =
√
(2λ+ 1)/4π δµ,0, the coupling Hamiltonian (2.26) in the








Since the coupling Hamiltonian does not depend anymore on the angular
component of the relative coordinate between the colliding nuclei, the compli-
cated angular momentum coupling vanish in the no-Coriolis approximation,
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and thus the coupled-channels equations are reduced to those in a spin-less
system. A remarkable fact is that the dimensions of the coupled-channels
equations drastically reduces in the no-Coriolis approximation. For example,
for quadrupole mode of excitation (λ = 2), the original coupled-channels
equations have 13 dimensions for J > 4, when the excitations are truncated
at the second excited states, while the dimensions is reduced to 3 in the
no-Coriolis approximation.
In order to derive the coupled-channels equations in the no-Coriolis ap-







The radial wave function for the (nI)-channel vJnI is related to the original


























fλ(r)〈ϕnI|Tλ0|ϕn′I′〉vJn′,I′(r) = 0. (2.48)
In the case of heavy-ion fusion reaction, these coupled-channels equations are


























where knIi, knI and knJI(r) are defined in the same as the previous subsection.







Again, instead of IWBC Eq. (2.49), the regular boundary condition is em-
ployed at the origin for large angle quasi-elastic scattering in order to solve
Eq. (2.48). The quasi-elastic cross section is calculated using Eq. (2.42) with
the scattering amplitude of
fJlI(θ, E) = f
J









×YJ0(θ)(SJI − δI,Ii) + fC(θ, E)δI,Ii. (2.52)
The validity of the no-Coriolis approximation for heavy-ion fusion reac-
tion as well as quasi-elastic scattering has been investigated in many stud-
ies and has revealed that this approximation works very well, e.g. see
Ref. [1, 12, 21] for details.
2.6 Coupling to low-lying collective states
2.6.1 Vibrational coupling
a. Nuclear coupling
Let us now discuss the explicit form of the coupling Hamiltonian Vcoup.
Throughout this thesis, we assume that the nuclear potential has a Woods-
Saxon form unless explicitly mentioned. It is given as
VN(r) =
V0
(1 + exp [(r −R0)/a])
, (2.53)
where R0 = RP + RT with RP = r0A
1/3
P and RT = r0A
1/3
T , respectively. We
first consider couplings of the relative motion to a 2λ−pole surface vibration
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of the target nucleus. In the geometrical model of Bohr and Mottelson, the
radius of the vibrating target nucleus is parametrized as








where RT is the equivalent sharp radius and αλµ is the coordinate of the










Here ~ω is the oscillator quanta and a†λµ and aλµ are the phonon creation and
annihilation operator, respectively. The surface coordinate αλµ is related to






where α0 is the amplitude of the zero point motion. It is related to the
deformation parameter βλ by α0 = βλ/
√
2λ+ 1 [44] and can be estimated












According to the no-Coriolis approximation the angular momentum of the
relative motion does not change and the associated spherical harmonics in
Eq. (2.54) are evaluated at angle r̂ = 0, leading to the factor
√
(2λ+ 1)/4π.
Then Eq. (2.54) becomes




























In order to obtained the matrix elements of this nuclear coupling Hamilto-
nian between the n-phonon state and the m-phonon state, we have to obtain
the eigen values and the eigen vectors of the operator Ôλ, which satisfy
Ôλ|α〉 = ξα|α〉 (2.61)
This can be done by diagonalizing the matrix elements of this operator be-






When the eigen values and eigen vectors are obtained, the nuclear matrix
elements of Eq. (2.59) are then calculated according to












The last term in Eq. (2.63) is included to make the coupling interaction
vanish in the entrance channel.
b. Coulomb coupling
The Coulomb component of the coupling Hamiltonian is evaluated as fol-
lows. The Coulomb potential between a point-like spherical projectile and a


























where ρT is charge density of the target nucleus, ZT and ZP are the number
of proton in the target and the projectile nuclei, respectively, and Qλ′µ′ the





The first term of the r.h.s. side in Eq. (2.64) is the bare of the Coulomb
potential, and the second term is the Coulomb component of the coupling















and assumed that the relative coordinate r is larger than the charge radius
of the target nucleus. If we assume a sharp matter distribution for the target







up to the first order in the surface coordinate αλµ. Therefore, the coupling
component of the Coulomb interaction can be written as
V
coup(vib)

























is called the Coulomb coupling form factor.
Transforming to the rotating frame, the Coulomb coupling in the no-
Coriolis approximation is given by
V
coup(vib)






















where Ôλ is given by Eq. (2.60).
Similar to the nuclear coupling Hamiltonian, the Coulomb coupling ma-
trix elements, denoted by V Cnm(r) are then calculated as
























c. Projectile and target excitations
The above formalism can be extended also to the case where the relative mo-
tion couples to the vibrational excitation of the projectile nucleus in addition
to the vibrational excitation of the target nucleus. In this case, the coupling
potential can be written as
Vcoup(r, ÔλP , ÔλT ) = VC(r, ÔλP , ÔλT ) + VN (r, ÔλP , ÔλT ), (2.73)


























Here, the ÔλT and ÔλP are the excitation operator of the target and projectile
nuclei, respectively, which have a form of Eq. (2.60). λP and λT denote
the multi-polarity of the vibrations in the projectile and the target nuclei,
respectively. We have subtracted VN(r) in Eq. (2.75) in order to avoid the
double counting.
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The matrix elements of the coupling potential, Eq. (2.73), is calculated in
the same way as in Eqs. (2.63) and (2.71). We first diagonalize the operators
ÔλP and ÔλT in the physical space in order to obtain their eigen values and
eigen vectors. The coupling potentials are evaluated as








(r − R0 −RP ξα/
√































where ξα(γ) and |α(γ)〉 are the eigen values and the eigen vectors for the
operator ÔP (T ), respectively. We will apply this formalism to analyze the
quasi-elastic scattering at backward angles in Chapter 6.
The deviation from the vibrational model can be take into account if
the transition probabilities B(Eλ; Ii → If ) between the phonon states are
known experimentally. In this case, the matrix elements of the operators
ÔλP and ÔλT are calculated directly from the experimental data instead of
using Eq. (2.62). We relate Ôλ to the quadrupole operator Q̂λ0 by Q̂λ0 ∼
3
4π
eZRλ0 Ôλ. This will be more detailed in Chapter 4.
In the previous subsection, we have shown that the no-Coriolis approxi-
mation drastically reduces the dimension of the coupled-channels equations.
A further reduction can be achieved by introducing the n-phonon channels
[21, 53, 62]. In general, the multi-phonon states have several levels at the
same energy and they are distinguished from each other by the angular mo-
mentum and seniority [44]. For example, for the quadrupole surface vibra-
tions, the two-phonon triplet is degenerate in the excitation energy. One can
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then replace the coupling to all the member of the two-phonon triplet by the


















If we truncated at the two-phonon states, the corresponding matrix elements















The deviations from the harmonic oscillator limit presented in this section
will be discussed in Chap. 5.
2.6.2 Rotational coupling
a. Nuclear coupling
We next consider couplings to a ground state rotational band of the target
nucleus. In discussing them, it is convenient to transform to the body fixed
frame where the z-axis is along the orientation of the deformed target. The




Dλλµ′(φd, θd, χd)aλµ′ (2.80)
where φd, θd and χd are the Euler angles which specify the orientation of the
target. If we consider a permanently deformed nucleus with axial symmetry
about the body-fixed axis (z-direction) then the deformation parameter aλµ
have the form
aλµ = βλδµ0 (2.81)
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where βλ are constants describing the static deformation of the nucleus. In
the space fixed frame we have
αλµ = βλD
λ
µ0(φd, θd, χd) (2.82)
Combining Eqs. (2.54), (2.80) and (2.81), we have













In obtaining Eq. (2.83), we have used the identity




Y ∗LM(θ, φ). (2.84)
In the rotating frame, Eq. (2.83) becomes








Using this equation, the nuclear coupling has a forms as Eq. (2.59)
V
coup(rot)




(r − R0 −RT Ôλ)/a
]) (2.86)





We need the matrix elements of the operator Ôλ between the |n〉 = |I0〉
and |m〉 = |I ′0〉 states of the ground states rotational band for the target






(2λ+ 1)(2I + 1)(2I ′ + 1)
4π
(





We diagonalize this matrix to obtain its eigen values and eigen vectors. Then
the nuclear matrix elements are calculated in the same way as Eq. (2.63). In
this way, the matrix elements of Eq. (2.86) are calculated as





(1 + exp [(r − R0 − RTλµ)/a])
− VN(r)δI′,I . (2.89)
where λµ and |µ〉 are the eigen value and the eigen vector of the operator
Ôλ Eq. (2.87). The last term in Eq. (2.89) is introduced again to avoid the
double counting of the diagonal components.
b. Coulomb coupling
The coupling component of the Coulomb interaction is given as (see Eq. (2.70)
V
coup(rot)









with the operator Ôλ is given by Eq. (2.87).
By using Eq. (2.88), the matrix elements for the coupling potential (2.90)
reads



















Again, the total coupling matrix elements are given as sum of nuclear (2.89)
and Coulomb (2.91) coupling matrix elements.
To understand the difference between the vibration and the rotational
coupling, let us now consider the system coupled to a ground state rotational
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band up to 2+ of the target nucleus which has the quadrupole deformation,
β2. Since the wave function for the |I0〉 state in the ground state rotational
band is given by |I0〉 = YI0, then the matrix elements of the operator in











This matrix elements are obtained by truncating the ground states of the
rotational bands up to 2+ state. One of the main differences between the
vibrational coupling matrix (2.79) and the rotational coupling matrix (2.92)
is that the latter has a diagonal component which is proportional to the
deformation parameter β2. This is referred to as the ’reorientation effect’
and has been used in the Coulomb excitation experiment to determine the
sign of the deformation parameter [63].
2.6.3 IBM coupling
An alternative approach to the low-lying collective states in medium heavy
nuclei is the interacting boson model (IBM) [64]. In this model, the low-
lying collective quadrupole states are described in terms of s and d boson,
which are considered to approximate the Jπ = 0+ and 2+ coherent pair
of valance nucleons, respectively. A model for sub-barrier fusion reaction,
which uses the IBM to describe the effects of channels couplings, have been
developed by Balantekin et al. [65, 66, 67, 68, 69] and Hagino et al. [70, 71].
They assumed that the excitation operator in the coupling Hamiltonian has
a similar form to that of the collective model, e.g. see Eq. (2.61). In the















where tilde is defined as d̃µ = (−)µd−µ. v2 in Eq. (2.93) is the quadrupole
coupling strength. The scaling factor of the coupling strength 〈21‖Q2‖01〉
has been introduced to ensure the equivalence of the results of the IBM and
those of the geometric model in the large N limit, N being the total boson
number .
Refs. [68, 70, 71] further discusses the effect of non-linear coupling in the
sub-barrier fusion and have shown that the coupling strength used in this
model v2 is very similar to that in the geometrical model β2. We will use
this model in Chap. 5 to discuss the effects of anharmonicty of the nuclear
vibration on the large angle quasi-elastic scattering.
2.7 Transfer reaction
Beside of coupling to the low-lying collective excitations, the nucleon transfer
reactions also affects the heavy-ion collision at energy around the Coulomb
barrier. Broglia et al. [50] have attributed the different behavior of the fusion
excitation function for the 58Ni+64Ni collisions from those for the 58Ni+58Ni
and 64Ni+64Ni collisions to the effects of two nucleon transfer reactions of
positive Q-values in the first reaction. Esbensen et al. [51] have studied
the effects of one neutron transfer reactions and successive neutron transfer
reactions as well as a direct two neutron transfer reaction, and have shown
that all of them play significant roles in the fusion at low energies. The
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where Q is the Q-value for the transfer reaction. ψ0(r) and ψ1(r) in Eq. (2.95)
are the wave function for the relative motion in the entrance and exit chan-
nels, respectively.






where Ftr is the coupling strength parameter and VN (r) is the nuclear poten-
tial for the system.
The coupled-channels equations, Eq. (2.95), are solved using the same
technique described in Sect. 2.5. We will use this formalism in Sect. 5.3. to
discuss the effect of charged particle transfer reaction on the quasi-elastic




heavy-ion fusion reaction and
quasi-elastic scattering
It has been well known that the effect of channel coupling in heavy-ion fusion
reactions and large angle quasi-elastic scattering around the Coulomb barrier
can be expressed in terms of the distribution of potential barrier [1, 2, 3,
5, 6, 11, 12]. The underlying of the structure of the barrier distribution
can be detected by taking the first derivative of the penetrability for the
heavy-ion fusion reaction and the reflection probability for large angle quasi-
elastic scattering. In both process, the experimental observables are not the
penetrability and reflection probability, but the fusion and quasi-elastic cross
sections. Thus, if one intends to discuss the effect of channel couplings on
heavy-ion fusion reaction and large angle quasi-elastic scattering, one has
to convert the fusion cross section to penetrability and large angle quasi-
elastic cross sections to the reflection probabilities of the s-wave scattering,
respectively. In this chapter we discuss how to obtain the representation of




3.1.1 Barrier distribution representation
Let us first discuss the properties of the fusion barrier distribution. The








θ(E − VB) (3.1)
where RB and VB are the barrier position and the barrier height, respectively.
From this expression it is clear that the first derivative of product of the
fusion cross section σclfus and the center of mass energy E, d(Eσ
cl
fus)/dE, is







= πR2Bθ(E − VB) = πR2BPcl(E), (3.2)






= πR2Bδ(E − VB) (3.3)
In quantum mechanics, the tunneling effect smears the delta function in
Eq. (3.3). An analytic formula for the fusion cross section can be obtained
if one approximates the Coulomb barrier by an inverse parabola which leads















where ~Ω is the curvature of the Coulomb barrier. Again the first derivative









] = πR2BP (E). (3.5)
This equation leads immediately to the relation between the fusion cross













This quantity, which is conventionally called the fusion barrier distribution,
has the following properties : (i) it is symmetric around E = VB, (ii) it is
centered at E = VB, (iii) its integral over E is unity and (iv) it has a full
width hall maximum (FWHM) of around ~Ω ln (1 +
√
8)/π ∼ 0.56 ~Ω.
In order to check how well the first derivative of Eσfus describes the
s-wave penetrability, we show in the left panel of Fig. 3.1 the comparison
of the first derivative Eσfus obtained by solving numerically the Schrödinger
equation without using the Wong formula, with the numerical solution of the
s-wave penetrability scaled by πR2B. The system is
16O+154Sm reaction. The
same parameter as those in Ref. [8] are used for the nuclear potential. The
solid line is the first derivative of Eσfus, while the dashed line is the product
of the penetrability and πR2b . One can find a good agreement between the
solid and the dashed lines, suggesting that the first derivative of Eσfus is
actually proportional to the s-wave penetrability. The solid line decreases at
high energies, while the dashed line becomes close to one. This discrepancy
is attributed to the angular momentum dependence of the barrier radius
[61]. The right panel of Fig. 3.1 shows the comparison between the second
derivative of Eσfus (the solid line) and the first derivative of the penetrability
dP0/dE. Again we observe that the agreement is excellent.
In the presence of channel coupling, fusion cross section may be given as
an average of over the contribution form each eigen-channel with appropriate




wnσ0(E;V0(r) + λn(r)), (3.7)


















































Figure 3.1: The left-panel : comparison of the first derivative of Eσfus (the
solid line) with the s-wave penetrability (the dashed line) for the16O+154Sm
reaction. The latter quantity is scaled by πR2B, RB being the radius of the
Coulomb barrier. The internal excitation of the projectile is not taken into
account. The right panel : comparison between the second derivative of Eσfus
(the solid line) and the first derivative of the s-wave probability (the dashed
line).



















dP [E;V0(r) + λn(r)]
dE
(3.8)
where RBn , Ωn and VBn are the radius, the curvature and the height of n-th
eigen potential barrier V0(r) + λn(r), respectively. The second derivative of
Eσfus, D
fus(E), has many peaks at energies corresponding to the height of the
each eigen-potential, and the height of the peak is proportional to the prod-
uct of the corresponding weight factor and the square of the barrier radius,
wnR
2
Bn . We will use the symbol D
fus(E) for the fusion barrier distribution
in the rest of this thesis. In the problem of heavy-ion fusion reactions, the
barrier radius RBn , strongly depend on the channels due to the fact that the











































Figure 3.2: (a) The orientation dependence of the fusion potential for the
16O+154Sm reaction. The dashed and the dotted lines are the potential when
the orientation of a deformed 154Sm nucleus is θ = 0 and θ = π/2, respec-
tively. The potential when the 154Sm nucleus is assumed to be spherical is
denoted by the solid line. (b) The obtained fusion barrier distribution for
the two cases. The solid line is obtained by assuming the target nucleus as
spherical while the dot-dashed line when the target is deformed.
by considering fusion reaction of a spherical projectile with a deformed target
which has infinite rotational excited states with zero excitation energy, i.e.
a classical rotor. In this case, the potential between the projectile and the
target nuclei depends on the orientation of the target nucleus, which is not
altered during the fusion reaction. Fig. 3.2(a) shows the Coulomb barrier for
the 16O+154Sm system as a typical example of fusion with a prolate nucleus.
If the target has a positive β2 deformation, the attractive nuclear interaction
is applied from a relatively large distance when the orientation is zero de-
gree, i.e. when the projectile and target aligned along the symmetry axis of
the target nucleus (see dashed line in Fig. 3.2(a)). The Coulomb potential
is thus lowered and appears at relatively larger distance compared with the
case where the target is spherical ( the solid line Fig. 3.2(a)). The opposite
happens when the orientation is π/2, i.e. when the projectile coming in a
direction perpendicular to the symmetry axis of the target (the dotted line in
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Fig. 3.2(a)). In this case, the Coulomb barrier increases and the barrier ra-
dius becomes smaller. Thus, due to the effect of the deformation β2 = 0.31 of
154Sm the barrier height is distributed from about 55.0 to 62.0 MeV, and the
barrier radius from 10.0 to 12.0 fm. Fig. 3.2(b) shows the calculated barrier
distributions. The solid line is obtained when the target nucleus assumed to
be spherical. Because of the deformation, the obtained barrier distribution
(dot-dashed line) is much broader than the solid line which has a single peak
at the Coulomb barrier.
3.1.2 Extracting from experimental data
In order to extract fusion barrier distributions directly from the experimental
data, the second derivative (3.3) may be approximated by point difference
formula. The simplest one is the three point formula given by
Dfus(E)|E=Ei=
(Eσfus)i−1 − 2(Eσfus)i + (Eσfus)i+1
(∆E)2
(3.9)
where (Eσfus)i are evaluated at energies Ei. We have assumed the constant
energy spacing ∆E. The experimental uncertainty for this barrier distribu-







where δ is the experimental uncertainties. Eq. (3.10) shows that the uncer-
tainties of the experimental fusion barrier distribution are directly propor-
tional to the energy E, and thus the excitation function of fusion cross section
has to be measured with high precision in order to deduce meaningful bar-
rier distributions. This is clearly demonstrated in Fig. 3.3, where the fusion
barrier distribution for 16O+154Sm reaction extracted from two experimental
data are shown. It also shows the theoretical calculations obtained assum-
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Figure 3.3: The experimental fusion barrier distribution for 16O+154Sm re-
action extracted from data with uncertainties of 10% [40] (left panel) and
1% (right panel) [8]. The solid, dotted and dashed lines are obtained by
using a positive, negative and zero of hexadecapole deformation parameters,
respectively, and the same positive quadrupole deformation of 154Sm nucleus.
and negative (the dotted line ; β4 = −0.05) hexadecapole deformation, β4,
of 154Sm in addition to the quadrupole deformation of β2 = 0.31. The left
panel is the fusion barrier distribution extracted from the experimental data
measured by Stokstad et al. [40], which has an experimental uncertainties
of 10%. The experimental barrier distribution extracted from such data is
poorly defined and it can not distinguish the difference of the shape of the
barrier distribution originated from the sign of the small hexadecapole defor-
mation parameter. The right panel of Fig. 3.3 shows the experimental fusion
barrier distribution extracted form the high precision data of the Canberra
Group which has a typically 1% uncertainty [8]. The experimental barrier
distribution is now well defined, and it is consistent with the theoretical
prediction with a positive hexadecapole deformation [37].
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3.1.3 Advantage of barrier distribution analysis
Apparently, excitation functions of the fusion cross section contain the same
amount of information as the fusion barrier distributions extracted from
them. The question would be arised concerning what the advantages of
analyzing the experimental data of fusion cross section in terms of the fu-
sion barrier distribution are. When the large enhancement of of fusion cross
section at sub-barrier energies was firstly observed, there was an argument
that it may be difficult to identify the underlying physical mechanism of this
enhancement, since any sort of couplings to the relative motion can lead to
the enhancement of the fusion cross sections. The experimental fusion cross
section may thus be able to be fitted by the potential model as well as the
coupled-channels calculations equally. In contrast, from the analysis of high
precision data, it has been shown that the observed fusion barrier distribu-
tions are quit sensitive to the detail of the channel couplings, while the fusion
cross sections themselves are rather featureless [8]. These analyses suggest
that the representation of fusion processes in terms of the fusion barrier dis-
tribution Dfus(E) is a very powerful tool to study the details of the effects of
nuclear structure, and thus provides a good opportunity to test the theoreti-
cal framework for sub-barrier fusion reaction. Here we present two examples
of such analyses.
The first example is the 16O+186W reaction where the effects of hexade-
capole deformation on sub-barrier fusion reaction have been clearly demon-
strated [8, 30]. Figure 3.4 compares the experimental data of the fusion cross
section (left panel) and the fusion barrier distribution (right panel) with the
theoretical calculations. The solid, dotted and dashed lines are obtained
by setting the hexadecapole deformation to be negative, zero and positive,


































Figure 3.4: Fusion cross section (left panel) and the fusion barrier distribu-
tion (right panel) for the16O+186W reaction. The solid line, the dotted and
the dashed lines are obtained by assuming a negative, zero and positive hex-
adecapole deformation together with the positive quadrupole deformation of
the 186W nucleus. The experimental data are taken from [8].
due to hexadecapole deformation are very similar among the three cases.
Especially, these three lines are indistinguishable at high energies. On the
other hand, the fusion barrier distribution drastically changes if the sign of
the hexadecopole deformation is inverted, as can be seen in the right panel.
The experimental barrier distribution can be explained with the negative
hexadecapole deformation (the solid line).
This example demonstrates that the fusion barrier distribution is very
sensitive to the sign of deformation parameter. This observation was pos-
sible only when the cross sections have high precision. In this connection,
Ref. [75] have also shown that this is still the case even when the effect of β6
deformation is taken into account.
The next example is the 16O+144Sm collision, where the effects of the
coupling to the phonon states in 144Sm on the fusion reaction have been
confirmed for the first time trough the barrier distribution representation
































Figure 3.5: Fusion cross section (left panel) and the fusion barrier distribution
(right panel) for the16O+144Sm reaction. The solid line is the prediction of
the one dimensional model, where the potential parameters are determined
so as to reproduce the experimental fusion cross section at low energies [76].
The experimental data are taken from [8].
fusion cross section at sub-barrier energies for this system is not so large. One
might, therefore, expect that the observed experimental cross sections can be
fitted with the potential model by varying their parameters. Di Gregorio et
al. [76] analyzed this system using the Wong formula (3.4) with the barrier
radius RB, the barrier height VB and the curvature ~Ω of 10.24 fm, 59.76
MeV and 3.9 MeV, respectively [76]. The result of such calculations for the
fusion cross sections is shown by the solid line in the left panel of Fig. 3.5.
Although the quality of the fit at high energies is not so good, the theoretical
calculations seems to reproduce the experimental data reasonably well over
the wide energy range. The inadequacy of such approach, however, become
has already revealed in the fact that the Woods-Saxon potential does not
lead to the Coulomb barrier which has the same parameters as those used by
Di Gregorio et al.. The inconsistency of the model becomes more transparent
if it is compared with the experimental barrier distribution, Dfus(E). Such
comparison is presented in the right panel of Fig.3.5. It is clear that the one
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dimensional model can not reproduce the experimental barrier distribution.
The experimental barrier distribution has a clear double peaked structure,
while the one dimensional potential model which Di Gregorio et al. used
gives only a single peak of the fusion barrier distribution. This example
clearly demonstrates the possible danger of analyzing the experimental data
in a form of fusion cross section [8].
3.2 Quasi-elastic scattering
3.2.1 Barrier distribution representation
We now discuss how to define the similar barrier distribution for a scattering
problem. In the pure classical approach, in the limit of a strong Coulomb






θ(VB − E) (3.11)
where dσR(E, π)/dΩ is the Rutherford cross section, (2.43). Thus the ratio of




= θ(VB − E) = R(E) = 1− P (E), (3.12)
Eq. (3.6) then suggests that the appropriate barrier distribution for the scat-










In realistic system, however, due to the effect of nuclear distortion, the
differential cross section deviates from the Rutherford cross section even at
energies below the Coulomb barrier. Using the semi-classical perturbation
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theory, Ref. [12] has derived a semi-classical formula for the backward scat-




= α(E) |S(E, λc)|2, (3.14)
where S(E, λc) is the total (Coulomb+nuclear) S-matrix at energy E and
angular momentum λc = η cot(θ/2), with η being the usual Sommerfeld
parameter. Notice that |S(E, λc)|2 is nothing but the reflection probability
of the Coulomb barrier. For θ = 0, λc is zero, and |S(E, λc = 0)|2 is given
by (see Eq. (3.5))











in the parabolic approximation. α(E, λc) in Eq. (3.14) is given by [12]

















2µE/~2, with µ being the reduced mass for the colliding system.
The nuclear potential VN(rc) is evaluated at the Coulomb turning point rc =
(η+
√
η2 + λ2c)/k, and a is the diffuseness parameter in the nuclear potential.
Fig. 3.6(a) shows the calculated elastic cross section at θ = π for the
16O+154Sm reaction. We use an optical potential of the Woods-Saxon form,
with parameters V0 = 220 MeV, r0 = 1.1 fm, a = 0.65 fm, W0 = 30 MeV,
rw = 1.0 fm, and aw = 0.3 fm. The solid line is the exact solution of the
Schrödinger equation, while the dashed line is obtained with semi-classical
formula (3.15). The dotted line shows the reflection probability R(E) =
|S(E)|2. We clearly see that the semi-classical formula well accounts for the








































Figure 3.6: (a) The ratio of elastic to the Rutherford cross sections at
θ = π and (b) the corresponding quasi-elastic barrier distribution, Dqel =
−d(dσel/dσR)/dE for the 16O+154Sm reaction. The solid line is the exact
solution of the optical potential model while the dashed line is obtained with
the semi-classical perturbation theory. The dotted line denotes the reflection
probability R(E) = |S(E)|2 for the s-wave scattering.
The quasi-elastic barrier distribution, Dqel, are shown in Fig. 3.6(b). We
use a point difference formula with ∆E = 1.8 MeV in order to evaluate the
energy derivative. Notice that the first derivative of the reflection probabil-
ity (dotted line) corresponds to the fusion barrier distribution in Eq. (3.6).
Because of the distortion factor α(Eλc), the quasi-elastic barrier distribution
behaves a little less simply than that for fusion. We observe : (i) the peak
position is slightly deviates from the barrier height VB (by an order 0.225
MeV for the example shown in the Fig. 3.6, and (ii) it has a low-energy tail.
Eq. (3.14) indicates that there are two contributions to the quasi-elastic bar-
rier distribution. One is α(E) dR(E)/dE, and the other R(E) dα(E)/dE. In
Fig. 3.7 we shows these two contributions separately. It can clearly be seen
that the low-energy tail of Dqel coming from the latter, that is the energy
dependence of the distortion factor α(E).






















Figure 3.7: Two different contributions to the quasi-elastic barrier distribu-
tion. The solid line show the function α(E) dR(E)/dE, while the dashed line
shows R(E) dα(E), where α(E) and R(E) are the nuclear distortion function
























Figure 3.8: Comparison of the fusion, Dfus, (solid line) and the quasi-elastic,
Dqel, (dashed line) barrier distributions for 16O+154Sm reaction.
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behaves rather similarly to the fusion barrier distribution. Fig.3.8 shows the
fusion (solid line) and the quasi-elastic (dashed line) barrier distributions for
the 16O+154Sm obtained by solving the Schrodinger equation. It is clear that
both functions have a similar, relatively narrow, width and their integral over
E is unity. We may then consider that the quasi-elastic barrier distribution
is a good counterpart of the one for fusion. We will discuss in more detail
about this in Sect. 5.3.
3.2.2 Scaling property of quasi-elastic barrier distribu-
tion
It is clear from the discussion in the previous section that the quasi-elastic
scattering barrier distribution depends on the scattering angle, θ. In the ac-
tual experiment, it is very difficult to measure the scattered elastic function
at angle θ = 180◦. Using the advantages of the quasi-elastic scattering over
the fusion barrier distributions where the different scattering angles corre-
spond to different angular momenta, then we can correct the effect of angular
momentum by shifting the energy by an amount equal to the centrifugal po-
tential. Estimating the the centrifugal potential at the Coulomb turning
point rc, the effective energy can be expressed as [11, 12]
















has been used. One, therefore, expects that functions dσel/dσR and D
qel
evaluated at an angle θ will correspond to the cross section (3.12) and the







































Figure 3.9: (a) Comparison of the dσel/dσR and (b) its energy derivative,
Dqel, evaluated at two different angles for 16O+154Sm reaction. The solid
line is for θ = π, while the dotted line for θ = 160◦. The dashed line is the
same as the dotted line, but is shifted in energy by an amount equal to the





































Figure 3.10: The same as Fig.3.9 but for θ = 140◦
In order to check the scaling property of quasi-elastic barrier distribution
with respect to the angular momentum, we compare the function dσel/dσR
and Dqel in Figs. 3.9(a) and 3.9(b), respectively, obtained with two different
scattering angles for 16O+154Sm reaction. The solid line is evaluated at θ = π
while the dotted lines at θ = 160◦. The dashed line is the same as the dotted
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line, but shifted in energy by Eeff − E. We can observed that the scaling
works very well, both for energies below and above the Coulomb barrier.
However, if the scattering angle is decreased the scaling becomes less good
as shown by dashed line the in Fig. 3.10 for the scaling property for θ = 140◦.
Thus in planning the experiment (especially if it combines data taken in
detectors at different angles), one should take account this effect carefully.
Also at smaller angles, it is well known that the underlying elastic cross
section will display the Fresnel oscillations, which would cause the derived
barrier distribution to oscillate as well. The best choice of the detector angles
are important to minimize the effects of the Fresnel oscillation.
3.2.3 Extracted from experimental data
In order to extract the quasi-elastic barrier distribution from the experimen-
tal data, the first derivative (3.13) may be approximately with point-different
formula
Dqel(Ei) =
dσqel/dσR(Ei + ∆E)− dσqel/dσR(Ei −∆E)
2∆E
. (3.19)












where δ is the precision of the experimental. As we see, for this representa-
tion, the uncertainty decreases with energy in the barrier region, where the
quasi-elastic cross section falls rapidly.
The large experimental uncertainty at higher energies are the major prob-
lem in the extraction of the barrier structure from Dfus Eq. (3.10). An alter-
native representation of barrier distribution given by Dqel Eq. (3.19) which is
better defined at high energies would therefore be extremely useful to extract








































Figure 3.11: (a) The comparison of the experimental fusion (filled circles) and
quasi-elastic (open squares) barrier distributions for the16O+154Sm system.
(b) The same as (a) but for the 16O+144Sm system. Taken from Ref. [11].
We show the example of these two representation of the experimental bar-
rier distribution for fusion reaction (solid circles) and for quasi-elastic scatter-
ing (open squares) in Fig. 3.11(a) for 16O+154Sm and 3.11(b) for 16O+144Sm
systems, respectively. In order to make the comparison, we scale them in
such away that their energy integral is unity between Ec.m. = 50 MeV and 70
MeV for the former system and between Ec.m. = 56 MeV and 70 MeV for the
latter. It is clearly seen that two representations are consistent to each other,
especially their overall width are almost the same. In the former system the
similarity is almost perfect, while in the latter system we found a difference
where there exists a high energy peak in the fusion barrier distribution while
it is absent in the quasi-elastic scattering. We will study more detail about
this difference in Chapter 5.
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Chapter 4
Effect of transitional shape and
shape admixture on the
heavy-ion fusion reactions at
sub-barrier energies
In this Chapter, we study the 72Ge+72Ge and 74Ge+74Ge fusion reactions.
This is motivated by the fact of the existence of the debates concerning the
structure of Ge-isotopes. Fig. 4.1 show the low lying energy spectra of several
germanium isotopes. The low-lying energy level of the 74Ge nucleus shows
that its first excited state is the 2+ with the excitation energy of 0.595 MeV




1 states at energies nearly twice that of the
first 2+ state, suggesting two phonon members. There also exists a low lying
3− state at 2.54 MeV. These facts indicate that 74Ge is a spherical nucleus,
which is soft against deformation. Dobaczewski et al. [78] have studied the
structure of Ge-isotopes with Skyrme Hartree-Fock method. They concluded
that the Ge-isotopes are tend to be spherical.
On the other hand, a series of experiments of the Coulomb excitation
[24, 25] provide an alternative point of view. The key words of the alternative
point of view are shape coexistence, shape transition and shape admixture.
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Figure 4.1: Low-lying energy levels of Germanium isotopes. Taken from
Ref. [77].
The experimental data of the Coulomb excitation suggest that two different
shapes coexist in low energy region in each Ge isotope, and that the shape
of the ground state changes from a spherical shape to a deformed shape
as the neutron number increases. The 74Ge is a transitional nucleus where
the experimental ratio of B(E2, 4+1 → 2+1 )/B(E2, 2+1 → 0+1 ), B(E2, 2+1 →
2+1 )/B(E2, 2
+
1 → 0+1 ) and B(E2, 0+2 → 2+1 )/B(E2, 2+1 → 0+1 ) are 1.3, 0.84
and 0.30, respectively; in disagreement with the vibrational model which
predicts all of these ratios to be 2. 72Ge is the transitional nucleus, where a
large shape admixture is expected [25].
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4.1 Present status of coupled-channels calcu-
lations
The idea of the shape transition in Ge isotopes has been tested through
the coupled-channels analysis of the fusion excitation functions of 27Al +
70,72,73,74,76Ge reactions [79]. Based on calculations with the simplified coupled-
channels code CCFUS, the authors claimed the structural change from a spher-
ical (or oblate) shape in 70,72,73Ge to a prolate shape in 74,76Ge. In Ref. [80],
Esbensen performed a more detailed coupled channels calculations of the
fusion excitation functions for the 16O+70,72,74,76Ge and 27Al+70,72,74,76Ge re-
actions and obtained the results that the phonon coupling model yields a
smaller χ2 value than the rotational coupling model for 74Ge. He also con-
cluded that the quadratic coupling is required to obtain a good agreement be-
tween the coupled-channels calculations and the experimental data. Recently,
Refs. [81, 82] have analyzed the fusion excitation function of 74Ge+74Ge re-
action, and again claim that the vibrational coupling model gives a smaller
χ2 value and that the inclusion of multi-phonon excitations improves the
agreement between the theory and the experiments. However, the study of
fusion reaction for many systems along the periodic table by Aguiar et al.
[83] shows that the asymptotic energy shift, (as a measure of the fusion cross
section enhancement below the Coulomb barrier), for 74Ge+74Ge reaction
(open circle in Fig. 4.2) deviates strongly from the systematics which is sim-
ilar to the 40Ar+154Sm system (solid triangle in Fig. 4.2). It is well known
that the deviation of this system can be attributed to the strong coupling
of rotational bands in 154Sm nucleus which is known as a typical example of
axially deformed rotor. Therefore the 74Ge might be have a similar structure
with 154Sm nucleus.
The aims of this Chapter is to perform a full order coupled-channels
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Figure 4.2: Asymptotic energy shift ∆E (points) as a function of the system








2 )]. The solid line is the
prediction of the liquid drop model. Taken from Ref [83].
calculations for 74Ge+74Ge reaction in order to probe the transition shape in
74Ge trough the analysis of the fusion barrier distribution. The possibility of
probing the shape admixture in 72Ge will also be discussed by analyzing the
fusion barrier distribution of 72Ge+72Ge reaction.
4.2 Parametrization of the interaction
In performing the coupled channels calculations, we calculate the coupling
potential using the formalism described in Section 2.6.1. We take the radii
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P,T with r0=1.2 fm.
We consider only the quadrupole coupling λ = 2 and determine the matrix
elements of the operator Ôλ in Eq. (2.73) either from the data of Coulomb
excitation or based on either vibrational Eq. (2.62) or rotational Eq.(2.88)
coupling models. In the first case, we relate α̂λµ to the quadrupole operator
Q̂λµ by Q̂λµ ∼ 34πeZRλ0 α̂λµ. The Coulomb coupling is included up to the
second order as usual.
The parameters of the Woods-Saxon potential is determined by adjusting
them in order to reproduce the experimental data of the excitation function
of the 74Ge+74Ge reaction at high energies. The optimum parameters are
found to be V0 = 200 MeV, r0 = 0.88 fm, and a = 1.31 fm. In the case
of the 72Ge+72Ge system, we estimate the parameters using Akyüs-Winther
potential [85, 86] since there is no experimental data for this system. The
numerical calculation is done based on CCFULL computer code [21] once
the matrix elements is specified in each model.
4.3 Probe of a transitional structure of 74Ge
We start from the discussion of the fusion between two 74Ge nuclei. Our
interest is to examine whether the analysis of the fusion cross section can
reveal the transitional structure of 74Ge. The obtained quadrupole coupling
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2 states where β2 = 0.285. Eq. (4.1) is
calculated from 〈J1M1 = 0|
√
5α20|J2M2 = 0〉, see Eq. (2.56) for the definition
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of α20. The comparison of this matrix with the vibrational coupling model
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where C0, C2 and C4 are the Glebsch-Gordan coefficients, C0 = 〈2020|00〉 =
1/
√
5, C2 = 〈2020|20〉 = −
√
2/7 and C4 = 〈2020|40〉 =
√
18/35. The num-
bers with underline are multiplicative factors to reproduce the experimental
matrix elements given by Eq.(4.1). And the comparison of Eq. (4.1) with the





















The relevant matrix elements are represented as the product of the value
in the pure rotational coupling and a modification factor, see Eq. (2.88). In
calculating Eqs. (4.2) and (4.3), we divided each matrix element in Eq. (4.1)
by the value of 〈0+gs|
√
5α̂20|2+1 〉 = 0.285, which corresponds to the value of
the deformation parameter β2 in order to clearly see the characteristics of the
coupling matrix. Eqs. (4.2) and (4.3) clearly show the transitional property
of 74Ge. Especially, the reorientation matrix element is about 38% of the
pure rotational model.
Let us first discuss the results obtained by truncating the phonon states
up to 2+1 in order to see the clear difference of the coupled-channels calcu-
lations for the three different models. Fig. 4.3 shows the results of coupled
channels calculations where coupling to the projectile and target nuclei are






































Figure 4.3: Comparison of (a) the fusion cross section and (b) the barrier
distribution for 74Ge+74Ge system obtained with different models for the two
level calculation.
Fig.4.3(b) for the fusion barrier distribution. The solid line is obtained us-
ing the matrix elements in Eq. (4.1). The dashed and dot-dashed lines are
obtained with pure vibration and rotation models, respectively. The dotted
line is the result when the target and projectile are assumed to be inert. The
figure clearly shows that the obtained barrier distributions are resemble to
each other but the peak positions of the one obtained using the experimental
coupling matrix lie between those obtained with the other two models.
Figure 4.4 compares the fusion excitation function and the fusion barrier
distribution calculated by using the coupling matrix of the Coulomb excita-
tion experiment, Eq. (4.1), given by the solid line (TS-5, standing for the
Transitional Structure with 5 levels) with those in the pure vibrational (the
dashed line denoted as Vib.(2ph)) and the pure rotational (the dot-dashed
line denoted as Rot.(up to 4+)) models. In the vibration and rotation calcu-
lations, we took into account up to two phonon states and up to 4+ member
of the ground state rotational band, respectively. The dotted line is the result










































Figure 4.4: Comparison of (a) the fusion excitation function and (b) the fu-
sion barrier distribution for 74Ge+74Ge reaction calculated in different mod-
els. The experimental data are taken from [87].
ence in the barrier distribution between the rotational coupling and the other
two cases, and some quantitative difference between the latter two. Since the
barrier distribution for the TS-5 is similar to that of the vibrational model,
the 74Ge seems to be spherical.
4.4 Probe of shape admixture in the ground
state of 72Ge
We now discuss the effects of a shape admixture in 72Ge. Ref. [25] claims
that the ground state, the first excited 0+2 state at 0.70 MeV, the first excited
2+1 state at 0.83 MeV and the third excited 2
+
3 state at 2.40 MeV are given
as admixtures of two different shapes,
|0+1 〉 = α|0+n 〉+
√
1− α2|0+i 〉 (4.4)
|0+2 〉 =
√
1− α2|0+n 〉 − α|0+i 〉 (4.5)
|2+1 〉 = β|2+n 〉+
√
1− β2|2+i 〉 (4.6)
|2+3 〉 =
√







































Figure 4.5: (a) Comparison of the fusion cross section and (b) the fusion
barrier distribution for 72Ge+72Ge reaction obtained using Eq. (4.8) (the
solid line ; SA stands for shape admixture) and the results calculated using
the vibrational (the dotted line) and the rotational (the dashed line) models.
The dot-dashed line is obtained with the one dimensional model calculation.
where the indexes n and i stand for normal and intruder, respectively. Ac-
cording to [25], α = 0.784, β = 0.996 for the 72Ge. It is different from the
ones for the 72Se and 70Ge where α = −0.967, β = 0.756 and α = −0.974,
β = 0.885, respectively. Notice that the 2+2 of
72Se is well known as a de-
formed intruder state. Since the value of the amplitudes α and β are inter-
changed between 72Ge and 72Se, Ref. [25] interprets that the normal and the
intruder states of 72Ge are deformed and almost spherical states, respectively.
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1 , and 2
+
3 states.
We have calculated the fusion cross section for the reaction between two
72Ge nuclei including the above 4 levels with the coupling matrix of Eq. (4.8).
The obtained fusion cross section and the fusion barrier distribution are
71
shown by the solid line in Fig. 4.5(a) and 4.5(b), respectively. The dotted
line is obtained with the pure vibrational coupling truncated up to one state.
The dashed line denotes the results of the pure rotational model truncated up
to 2+ state. All the calculations are similar to each other. The dot-dashed
line is for the one dimensional model calculation. A clear difference can
be more clearly seen if we compare the obtained fusion barrier distribution
for these three models. The fusion barrier distribution obtained with the
coupling matrix of Eq. (4.8) is significantly different from the fusion barrier
distributions obtained by assuming the vibrational and rotational models.
These results suggest that the analysis of fusion barrier distribution can shed
light on the shape admixture in the ground state of 72Ge nucleus.
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Chapter 5
Effects of anharmonic vibration
on large angle quasi-elastic
scattering of 16O+144Sm
It well known that the fusion barrier distribution is very sensitive to the
number of phonon excited during the fusion reaction, e.g. 58Ni+60Ni re-
action [88]. Trough the analysis of the barrier distribution of such precise
data of the fusion cross section, the evidence of double phonon states in 58Ni
and 60Ni is clearly seen. In marked contrast, no evidence for the double
phonon couplings is seen in the experimental fusion barrier distributing for
16O+144Sm reaction [8, 38, 89]. Refs. [70, 71] have shown that the anhar-
monicity of the double phonon states plays an important role in this reaction.
The experimental barrier distribution extracted from fusion and quasi-elastic
scattering shows a different structure in the high energy side, see Fig. 3.11(b),
where the fusion barrier distribution have a distinct peak while it is absent
in the quasi-elastic barrier distribution. The aim of this Chapter is to dis-
cuss weather the anharmonicities can explain this difference [14]. In the next
section, we briefly summarize the anharmonic effects of nuclear vibrations.
In Sec. 5.2, we formulate the coupled-channels calculations which explicitly
take into account the anharmonicities of the vibrational excitations using the
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vibrational limit of the interacting boson model (IBM) [64]. In Sec. 5.3, a
systematic study of the effects of anharmonicities on large angle quasi-elastic
scattering for 16O+144Sm reaction is presented.
5.1 Anharmonicities in nuclear vibrations
Collective phonon excitations are common phenomena in fermionic many-
body systems. In nuclei, low lying surface oscillations with various multi-
polarities are typical examples. The harmonic vibrator provides a zeroth
order description for these oscillation, dictating simple relations among the
level energies and the electromagnetic transitions between them. Some of
the characteristic features of harmonic oscillator are summarized as follows
: (i) all the levels in a phonon multiplet are degenerate and the energy
spacing between neighboring multiplets is a constant, (ii) the electric tran-
sitions between multiplets are linearly related, e.g. B(E2; I+1 → (I − 2)+1 =
(I/2)B(E2; 2+1 → 0+1 ), (iii) the static quadrupole moment is zero for all the
phonon states. In a realistic nuclei, however, there are a residual interaction
between phonons, which cause deviations from the harmonic limit [90]. Be-
cause of these anharmonic effects, levels are split within a multiplet and the
ratios between various electromagnetic transition strength are modified. Fur-
thermore, the anharmonicities generates a finite value of static quadrupole
moment in excited states [91].
In even-even nuclei near closed shells, there are many examples of two-
phonon triplets (0+, 2+, 4+) of quadrupole vibrations [44]. Though the center
of mass of the excitations energies are approximately twice the energy of the
first 2+ state, they usually exhibit appreciable splitting with the triplet. A
theoretical analysis of the anharmonicities for the quadrupole vibrations was
first performed by Brink et al. [90], who related the excitations of the three
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phonon quintuplet (0+, 2+, 3+, 4+, 6+) to those of double phonon triplets and
gave a relation between the electric transition strength from the three- to
two-phonon states and those from the two- to the one-phonon states. With
the improvement of experimental situation [92], the experimental data of
multi-phonon states are now available for several nuclei. As a consequence,
study of multi-phonon states, and especially their anharmonic properties, is
attracting many interest [93, 94, 95, 96, 97]. It is worthwhile to mention
that anharmonic effects are not restricted to low vibrations but have also
been observed in multi-phonon excitations of giant resonance in heavy-ion
collisions [98, 99, 100].
In many even-even nuclei near closed shells, a low-lying 3− excitation
is observed at a relatively low excitation energy, which competes with the
quadrupole mode of excitation [44, 101]. These excitations have been fre-
quently interpreted as collective octupole vibrations arising from a coherent
sum of one-particle one-hole excitations between single particles orbital dif-
fering by three unit of angular momentum [44, 102]. This picture is sup-
ported by large E3 transition probability from the 3− state to the ground
state, and suggest the possibility of multi-phonon excitations. In contrast
to the quadrupole vibration, however, so far there are only a few exper-
imental evidences for the double octupole phonon states. These include
the double octupole phonon states, as well as double phonon states built
from single octupole and quadrupole phonon states in 208Pb [107], 144Sm
[108, 109, 110, 111], 147Sm [112], 146Sm [113], 145Nd [112], 144Nd [113] and
148Gd [114, 115]. One reason for this is E3 transitions from two-phonon
states to a single phonon state compete against the lower multi-polarity E1
transitions. This is make difficult to unambiguously identify the two-phonon
quarter states (0+, 2+, , 4+, 6+). Thus despite the fact that the first 3− state
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State n v I energy
2+1 1 1 2 ε+ 5α + 4β + 6γ
0+2 2 0 0 2ε + 12α
2+2 2 2 2 2ε+ 12α+ 10β + 6γ
4+1 2 2 4 2ε + 12α+ 10β + 20γ
0+3 3 3 0 3ε+ 21α + 18β
2+3 3 1 2 3ε+ 21α + 4β + 6γ
3+1 3 3 3 3ε + 21α+ 18β + 12γ
4+2 3 3 4 3ε + 21α+ 18β + 20γ
6+1 3 3 6 2ε + 21α+ 18β + 42γ
Table 5.1: Quantum numbers in the interacting boson model for U(5) nuclei.
in 208Pb has a large quadrupole moment, which indicates the anharmonic ef-
fects in octupole vibrations [103, 104, 105, 106], a direct study of anharmonic
properties in multi-phonon spectra has not been possible from a long time
ago.
5.2 Coupled-channels formalism for
anharmonic vibration
In this section, we introduce the basic formalism for the problem of anhar-
monic vibration excitation in heavy-ion collision around the Coulomb bar-
rier. Let us first consider the case where the relative motion couples to the
quadrupole vibrations in the target nucleus. The Hamiltonian of the system
is assumed to be given by Eq. (2.24), where the vibrational excitation in the
target nucleus is generally denoted by ξ. In Sub-section 5.2.1, we discuss the
coupling to anharmonic quadrupole vibrations. The extension to include the
coupling to the octupole vibration is given in Sub-section 5.2.2.
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5.2.1 Coupling to anharmonic vibrator
The effects of anharmonicities in surface vibrations can be described in many
different ways. Among them, the interacting boson model (IBM) [64] in
the vibrational (U(5)) limit provides a convenient calculation framework to
discuss the anharmonic effects. The vibrational limit of the IBM and the
anharmonic vibrator (AHV) in the geometrical model are very similar, the
only difference coming from the finite number of bosons in the former [92,
116, 117]. The eigen values of the intrinsic Hamiltonian H0(ξ) in Eq. (2.24)
in the U(5) limit are given by [64]
εndvI = εnd + αnd(nd + 4) + βv(v + 3) + γI(I + 1) (5.1)
where nd, v and I are the quantum numbers giving the number of d-bosons,
the d-bosons seniority and the intrinsic angular momentum, respectively. ε,
α, β and γ are adjustable parameters. The first term gives equally spaced and
degenerate the phonon spectra, while the splitting of multi-phonon multiplets
due to anharmonic effects are caused by the remaining terms. The quantum
numbers for each phonon states are summarized in Table 5.1.
Following Refs. [70, 71], the nuclear coupling Hamiltonian, in the no-
Coriolis approximation, is given by















Here N is the boson number and the scaling of the coupling strength
√
N
is introduced to ensure the equivalence of the IBM and the geometrical re-
sults in the large N limit (see Eq. (2.93) and β2 the quadrupole deformation
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parameter. Q20 is the quadrupole operator in the IBM, which is given by
Eq. (2.94). It was found that the coupling strengths used in the model are
very similar to those in the geometrical model [118]. We, therefore, assume
that the coupling strength in Eq. (5.3) is the same as that in the harmonic
limit of the geometrical model, Eq. (2.58). This approximation is valid when
the anharmonic effects are not very large, so as to allow description of vibra-
tional mode of excitation in terms of the U(5) limit.
The matrix elements in Eq. (5.2) can be evaluated most easily by in-
troducing the interaction representation which diagonalizes the quadrupole
operator Q20 [69]. The second term in Eq. (5.2) have been added in order to
avoid the double counting, since the first term in this equation also includes
the bare potential VN(r) in the total Hamiltonian, Eq. (2.25). Since the
phonon states |n, I,M〉 with M 6= 0 do not couple to the ground state in the
no-Coriolis approximation, we do not need to consider the terms d†md−m with
















where B†± (B±) are creation (annihilation) operators of the eigenbosons and


















































and the matrix elements of the nuclear coupling Hamiltonian then read





























(N − n)!n!(N −m)!m!
k!(N − k)!
×y2i+2j−2k+m+n0 y2k+2N−m−n−2i−2j2 (5.13)
In evaluating Eq. (5.13), we have used the fact that the sum of the number
of each eigen bosons, n+ + n−, must be equal to the total boson number N .
5.2.2 Coupling to octupole mode
In most spherical nuclei, the octupole vibrational state has a large collectivity
and their excitations play an important role in heavy-ion collision around the
Coulomb barrier. Therefore, in order to apply the model which we discussed
in the previous subsection to a realistic system, it is necessary to extend
them so that they include the octupole mode as well. To this end, we use the
vibrational limit of the sdf -IBM [64, 119]. This model has been extensively
used to describe negative parity states in rotational [119] as well as the vi-
brational [120, 121] nuclei. This model also has been successfully applied in
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the sub-barrier fusion reactions [70, 71]. The coupling Hamiltonian based on
this model for the nuclear and Coulomb couplings are given as



























Here β3 is the octupole deformation parameter. The quadrupole operator
in Eq. (5.3) and octupole operator in Eq. (5.16) in the sdf -IBM model are
taken to be
Q20 = s
†d̃+ sd† + χ2(d




†)(3) + h.c., (5.18)
respectively, where f̃µ is defined as (−)3+µf−µ. Using the technique described
in the previous subsection, the matrix elements of the operator Ô = Ô20+Ô30
in Eqs. (5.15) and (5.14) then read
Oij =

0 β2 β3 0 0 0










































for six low-lying states (i, j = 1−6), where |1〉 = |0+〉, |2〉 = |2+〉, |3〉 = |3−〉,
|4〉 = |2+ ⊗ 2+〉, |5〉 = |2+ ⊗ 3−〉, and |6〉 = |3− ⊗ 3−〉. In Eq. (5.19), A =
√
2(1− 1/N) and β2 and β3 are the quadrupole and the octupole deformation
parameters, respectively, which can be estimated from the electric transition
probabilities. When all the χ parameters in Eq. (5.19) are set to be zero
then the quadrupole moment of all the states vanishes, and one obtains
the harmonics limit in the large N limit. Nonzero values of χ generate
the quadrupole moments, and, together with finite boson number, they are
responsible for the anharmonicities in the vibrational excitations. The matrix
elements of Eqs. (5.15) and (5.14) are calculated using the same technique
which has been described in Sect. 2.6.1. We will apply these models in
the next section to analyze the large angle quasi-elastic scattering data of
16O+144Sm.
5.3 16O+144Sm reaction : Comparison with
experimental data
5.3.1 Present status of coupled-channels calculations
for large angle quasi-elastic scattering of 16O+144Sm
Before we apply the formalism in the previous section, first we review the
coupled-channels calculations which have been done until now for large angle
quasi-elastic for 16O+144Sm system. In Figure 3.11(b), we have shown the
comparison of the experimental barrier distribution extracted from fusion
and quasi-elastic processes. As we see from the figure, for energies below
62 MeV, the two barrier distributions resemble each other. However, at
higher energies, they behave rather differently, although the overall width of
the distributions is similar to each other. That is, the quasi-elastic barrier
distribution decreases monotonically as a function of energy while the fusion
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Figure 5.1: The results of the coupled-channels calculation for the 16O+144Sm
reaction using ECIS computer code. Taken from Ref. [11].
barrier distribution exhibits a distinct peak at energy around Ec.m. = 65
MeV. So far, no theoretical calculations have succeeded in explaining this
difference. The coupled-channels calculations of Timmers et al. [11] with
the computer code ECIS [122], which took into account the one quadrupole,
2+, and the one octupole, 3−, phonon excitations of 144Sm, were unable to
reproduce both the experimental data of the quasi-elastic cross sections and
the quasi-elastic barrier distribution. The ECIS results for the ratio of quasi-
elastic scattering to the Rutherford cross sections (the solid line in the left
panel of Fig. 5.1) fall off more steeply than the experimental data, while the
obtained barrier distribution (the solid line in the right panel of Fig. 5.1) has
a secondary peak similar to the fusion barrier distribution. They argued that
this failure is largely due to the residual excitations not included in the ECIS
calculations, which they postulated to be transfer channels. Esbensen and
Buck have also performed the coupled-channels calculations for this system
taking into account the second order couplings [123]. However, they did not
analyze the quasi-elastic barrier distribution.
These previous coupled-channels calculations took into account only the
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single phonon excitations in 144Sm. On the other hand, Hagino et al. [70]
have shown that the double anharmonic quadrupole and octupole phonon
excitations play an important role in reproducing the experimental fusion
barrier distribution for this system. However, its effect on the quasi-elastic
scattering has not yet been clarified so far. In the next Sub section, we study
weather the double anharmonic vibrational excitations of the 144Sm nucleus
can explain the difference in the shape of barrier distribution between fusion
and quasi-elastic. The role of proton transfer reactions in this system is also
discussed.
5.3.2 Effect of anharmonicities of nuclear vibrations in
144Sm
We now apply the formalism in Sect. 5.2. to analyze the quasi-elastic scat-
tering data of 16O+144Sm [11]. The calculations are performed with a ver-
sion [22] of the coupled-channels code CCFULL [21] once the coupling matrix
elements are determined from Eq. (5.19). Notice that the iso-centrifugal ap-
proximation employed in this code works well for quasi-elastic scattering at
backward angles [12]. In the code, the regular boundary condition Eq. (2.13)
is imposed at the origin instead of the incoming wave boundary condition
Eq. (2.33).
In the calculations presented below, we include only the excitations in
the 144Sm nucleus whilst the excitations of the 16O is not explicitly included.
For sub-barrier fusion reactions, the latter has been shown to lead only to a
shift of the fusion barrier distribution in energy without significantly alter-
ing its shape [47], and hence can be incorporated in the choice of the bare
potential. This is a general feature for reactions with the 16O as a projectile.
We have confirmed that it is the case also for the quasi-elastic barrier dis-
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tribution. That is, although the 16O excitations contribute to the absolute
value of quasi-elastic cross sections themselves, the shape of quasi-elastic bar-
rier distribution is not altered much. Since we are interested mainly in the
difference of the shape between the fusion and the quasi-elastic barrier dis-
tributions, we simply do not include the 16O excitations and instead adjust
the internuclear potential.
For simplicity, we take the eigenvalues of the H0(ξ), Eq. (5.1), to be
ε = n2ε2 +n3ε3, where n2 and n3 are the number of quadrupole and octupole
phonons, respectively. ε2 and ε3 are the excitation energies of the quadrupole
and the octupole phonon states of the target nucleus, i.e., ε2 = 1.61 MeV and
ε3 = 1.81 MeV, respectively. Notice that we assume the harmonic spectra for
the phonon excitations. It has been shown in Refs. [70, 71] that the effect of
anharmonicity with respect to the excitation energy on the barrier distribu-
tion is insignificant once the energy of the single phonon states is fixed. The
radius and diffuseness parameters of the real part of the nuclear potential
are taken to be the same as those in Ref. [70], i.e., r0 = 1.1 fm, and a = 0.75
fm, respectively, while the depth parameter is slightly adjusted in order to
reproduce the experimental quasi-elastic cross sections. The optimum value
is obtained as V0 = 112 MeV. As usually done, we use a short-range imagi-
nary potential with W0 = 30 MeV, rw = 1.0 fm, and aw = 0.3 fm to simulate
the compound nucleus formation. Finally, the target radius is taken to be
RT = 1.06A
1/3
T . We use the same values for the parameters β2, β3, N, χ2, χ2f ,
and χ3 as in Ref. [70]. All the calculations presented below are performed at
θc.m. = 170
◦.
The results of the coupled-channels calculations are compared with the
experimental data in Fig. 5.2. Figures 5.2(a) and 5.2(b) show the ratio of
































Figure 5.2: Comparison of the experimental data with the coupled-channels
calculations for 16O+144Sm reaction for (a) the ratio of quasi-elastic to the
Rutherford cross sections and for (b) quasi-elastic barrier distribution. The
dotted and dashed lines are obtained by including up to the single and the
double phonon excitations in the harmonic limit, respectively. The solid line
is the result of the coupled-channels calculations with the double anharmonic
phonon excitations. The experimental data are taken from Ref. [11].
elastic barrier distributions, Dqel, respectively. The dotted line denotes the
result in the harmonic limit, where coupling to the quadrupole and octupole
vibrations in 144Sm are truncated at the single phonon level, i.e. only the 2+
and 3− states are taken into account and all the χ parameters in Eq. (5.19)
are set to be zero. As we see this calculation fails to reproduce the ex-
perimental data. The obtained quasi-elastic cross sections, dσqel/dσR, drop
much faster than the experimental data at high energies. Also the quasi-
elastic barrier distribution, Dqel, exhibits a distinct peak at energy around
Ec.m. = 65 MeV. These results are similar to the one achieved in Ref. [11].
The dashed line represents the result when the coupling to the quadrupole
and octupole vibrations of 144Sm is truncated at the double phonon states in
the harmonic limit. In this case, we take into account the couplings to the
2+, 3−, 2+⊗2+,2+⊗3− and 3− ⊗ 3− states. It is obvious that the results are
































Figure 5.3: (a) Comparison of the measured pure elastic (the open squares),
the Z = 8 (− el) (the open circles) and the residual (the filled circles) compo-
nents of dσqel/dσR with the coupled-channels calculations for
16O+144Sm re-
action. The Z = 8 (− el) component is defined as the Z = 8 yields subtracted
the elastic component, while the residual component the sum of Z = 6 and
7 yields. The dashed line is the result of elastic scattering, while the dotted
line shows the inelastic cross sections for the single 2+ and 3− phonon states.
The solid line is the result of the sum of inelastic cross sections for the double
phonon states in 144Sm. (b) The same as (a) but for the pure elastic and the
total inelastic cross sections. The experimental data are taken from Ref. [11].
of the vibrations, we then perform the same calculations using the coupling
matrix elements given in Eq. (5.19). The resultant quasi-elastic excitation
function and the quasi-elastic barrier distribution are shown by the solid line.
The calculated ratio of quasi-elastic to Rutherford cross sections quite well
agree with the experimental data. This suggests that the inclusion of an-
harmonic effects in the vibrational motions is important for the description
of the quasi-elastic excitation functions for the 16O+144Sm reaction. On the
other hand, the result for Dqel is still similar to the barrier distribution ob-
tained by assuming the harmonic limit truncated at the one phonon level
(the dotted line), although the former has a more smooth peak.
Figure 5.3 shows the decomposition of the quasi-elastic cross sections to
each channel for the calculation with the coupling to the double anharmonic
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vibrations (the solid line in Fig. 5.2). The fraction of cross section for each
channel i in the quasi-elastic cross section, dσi/dσqel = dσi/[
∑
j dσj], is also
shown in Fig. 5.4. The open squares are the experimental elastic cross sec-
tion while the open circles are the measured excitation function for Z = 8
subtracted the contribution from the elastic channel. The latter contains not
only the neutron transfer components but also the contributions of inelas-
tic cross sections. The filled circles are the experimental residual (a sum of
Z = 7 and Z = 6 yields) components of the dσqel/dσR. The dashed line
shows results of the coupled-channels calculations for the elastic channel.
It reproduces reasonably well the experimental data for elastic scattering.
The Z = 8 component of quasi-elastic cross sections is almost exhausted by
the single phonon excitations, that is, the combined 2+ and 3− channels,
as shown by the dotted-line in Figs. 5.3(a) and 5.4(a). The cross sections
for the double phonon channels are given by the solid line in Figs. 5.3(a)
and 5.4(a). These are important at energies higher than around 66 MeV. If
the components of all the inelastic channels included in the calculation are
summed up, we obtain the dot-dashed line in Figs. 5.3(b) and 5.4(b).
5.3.3 Effects of proton transfer reactions
In the previous subsection we have shown that the experimental quasi-elastic
cross sections can be well explained within the present coupled-channels cal-
culations, which takes into account only the inelastic excitations in 144Sm.
However, the shape of quasi-elastic barrier distribution is still somewhat in-
consistent with the experimental data. As one sees in Figs. 5.3(a) and 5.4(a),
the experimental data indicate that the charged particle transfer reactions
may also play some role (see the filled circles in the figures). In this sub-




















































Figure 5.4: Same as Fig. 5.3, but for the fraction of cross section for each
channel in the quasi-elastic cross sections.
addition to the anharmonic double phonon excitations. Notice that the effect
of the neutron transfer channels is expected to be small, since the Q-values
are large and negative for all the channels, e.g., Q = −6.37 MeV for the
1-neutron pickup channel.
To investigate the effects of the proton transfer, we use the macroscopic





where Ftr is the coupling strength and V (r) is the real part of the nuclear
potential. In this study, we consider a single proton transfer as well as
the direct proton pair transfer reactions, although the experimental Z = 6
component may also include the alpha-particle transfer channel. The cor-
responding optimum Q-values for the transfer between the ground states
are Qopt(1p) = −1.53 MeV and Qopt(2p) = 1.18 MeV, respectively. The
coupling strength Ftr in Eq. (5.20) is determined so that the experimental
transfer cross sections for each Z = 6 and Z = 7 components [41] are repro-
duced. The optimum values for Ftr are found to be 0.12 and 0.16 fm for the































Figure 5.5: Effect of proton transfers on the quasi-elastic scattering cross
sections (the upper panel) and on the quasi-elastic barrier distribution (the
lower panel) for 16O+144Sm reaction. The solid line is the result of the
coupled-channels calculations including the effect of double anharmonic vi-
brations only. The dashed line is obtained by including, in addition, the




















Figure 5.6: Contribution of quasi-elastic cross sections from several channels.
The solid and dashed line are the results of the coupled-channels calculations
for the proton transfer and the elastic cross sections, respectively. The dotted
line denotes the sum of total inelastic and proton transfer cross sections. The
corresponding experimental data are shown by the filled circles, the open





























Figure 5.7: Same as Fig. 5.6, but for the fraction in the quasi-elastic cross
sections.
The effects of proton transfer reactions on the quasi-elastic scattering is
illustrated in Fig. 5.5. The solid line represents the results of the calcula-
tions including only the coupling to the double anharmonic vibrations. The
dashed line is obtained by taking the coupling to the proton transfer chan-
nels into account, in addition to the anharmonic vibration channels. The
upper panel shows the quasi-elastic cross sections, while the lower panel the
quasi-elastic barrier distribution. We observe from Fig. 5.5(a) that the inclu-
sion of proton transfer reactions overestimates the experimental dσqel/dσR at
energies between 62 and 68 MeV. Also the higher peak in the quasi-elastic
barrier distribution becomes more distinct and thus worsens as compared to
the calculation without the transfer channels.
For the 1p transfer channel, the diffuseness parameter a in Eq. (5.20) does
not have to be identical to that in the bare potential, V (r), since the former
is related to the single particle energy of the transferred proton. However, we
have found that our conclusion concerning the effect of the proton transfers





























































Figure 5.8: Comparison of the theoretical fusion barrier distribution (dashed
line) with the quasi-elastic barrier distribution (solid line) obtained with dif-
ferent coupling schemes for 16O+144Sm system. Both functions are normal-
ized to unit area in energy interval between 54 and 70 MeV. (a) The results
of the coupling to one phonon state of quadrupole and octupole excitations
of 144Sm in the harmonic oscillator limit. (b) The same as (a) but for the
coupling up to double phonon states. (c) The result when the coupling to an-
harmonic vibration of double quadrupole and octupole excitations in 144Sm
is taken into account.
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value of the diffuseness parameter within the range of 0.5 ≤ a ≤ 1.0 fm.
Figure 5.6 shows the contribution of each channel to the quasi-elastic
cross sections. The fraction of each contribution is also shown in Fig. 5.7.
The open squares are the experimental elastic cross sections, while the filled
circles and the open triangles are the experimental proton transfer cross sec-
tions and the sum of total inelastic and transfer cross sections, respectively.
The coupled-channels calculations for the elastic cross sections are shown by
the dashed line. Although it reproduces the experimental data below around
62 MeV, it overestimates the data at higher energies. The sum of the contri-
butions from the total inelastic and the proton transfer channels is denoted
by the dotted line, which reproduces the experimental data reasonably well,
although the proton transfer cross sections themselves are underestimated
at energies larger than 60 MeV (the solid line). The overestimation of the
quasi-elastic cross section indicated in Fig. 5.5(a) is therefore largely due to
the contribution of elastic channel.
The coupling strengths for the anharmonic double phonon excitations
have been determined by fitting to the sub-barrier fusion data with the
coupled-channels approach by taking into account only the inelastic exci-
tations, leaving out the transfer channels. Therefore, the coupling strengths
for the inelastic channels thus obtained may mock up the transfer effects,
and the overestimation of the cross sections shown in Fig. 5.5(a) may sug-
gest that it is the case. Nevertheless, from this study, we can conclude that
the inclusion of the proton transfer reactions in the coupled-channels calcu-
lations does not explain the difference in the shape between the fusion and
quasi-elastic barrier distributions for the 16O+144Sm system.
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5.3.4 Discussions
We have argued that the presence of high energy shoulder, instead of high en-
ergy peak, in the quasi-elastic barrier distribution for the scattering between
16O and 144Sm nuclei cannot be accounted for within the present coupled-
channels calculations, which take into account the anharmonic double phonon
excitations in 144Sm as well as the proton transfer channels. Figure 5.8 com-
pares the calculated fusion barrier distribution Dfus and the corresponding
quasi-elastic barrier distribution Dqel for several coupling schemes as shown
in Fig. 5.2 in the coupled-channels calculations. The solid line shows the
quasi-elastic barrier distribution while the dashed line is for the fusion bar-
rier distribution. They are normalized so that the energy integral between 54
and 70 MeV is unity. Figures 5.8(a) and 5.8(b) are obtained by including the
one phonon and the two phonon excitations in 144Sm in the harmonic limit,
respectively. Figure 5.8(c) is the result of the double anharmonic vibration
coupling. From these figures, it is evident that the theoretical fusion and
quasi-elastic barrier distributions are always similar to each other within the
same coupling scheme, although the latter is slightly more smeared due to
the low-energy tail [12]. This would be the case even with the excitations
in 16O as well as neutron transfer channels, which are not included in the
present coupled-channels calculations. Therefore, it seems unlikely that the
experimental fusion and quasi-elastic barrier distributions can be explained





scattering in massive systems
In this Chapter, we carry out a detailed coupled-channels analysis for large-
angle quasi-elastic scattering data for 48Ti,54Cr,56Fe,64Ni and 70Zn+208Pb
systems leading to super-heavy elements Z = 104, 106, 108, 110, and 112,
respectively [18, 19]. We especially study the role of multi-phonon excitations
of the target and projectile nuclei in describing the experimental data of
quasi-elastic cross section as well as barrier distribution for those massive
systems. For this purpose, we use the coupled-channels formalism which
properly take into account the multi-phonon excitations of the target and
projectile nuclei as explained in Section 2.6.
6.1 Comparison with experimental data : ef-
fects of multi-phonon excitations
In this section, we present the results of our detailed coupled-channels anal-
ysis for quasi-elastic scattering data of 48Ti,54Cr,56Fe,64Ni, and 70Zn+208Pb
systems [18, 19]. The calculations are again performed with a version [22] of
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the coupled-channels code CCFULL [21], as we have done in the Sect. 5.3.2.
We discuss the stability of the numerical calculations for the massive systems
in Appendix C.
The surface diffuseness of the real part of the nuclear potential is taken
to be a = 0.63 fm, as suggested by recent studies on deep sub-barrier quasi-
elastic and Mott scattering [124, 125, 126], while the radius parameter to be
r0 = 1.22 fm for all the systems. Notice that a similar value for a has been
used also in the analysis of the recent experimental data for quasi-elastic
scattering in the 86Kr + 208Pb system [17]. The depth parameter, V0, is
adjusted in order to reproduce the experimental quasi-elastic cross sections
for each system. The optimum values of the depth parameter and the resul-
tant Coulomb barrier height are summarized in Table 6.1. We use a short
range imaginary potential with W0 = 30 MeV, rw = 1.0 fm, and aw = 0.3
fm to simulate the compound nucleus formation. The results are insensitive
to these parameters as long as the imaginary part of the potential is well
confined inside the Coulomb barrier. The excitation energy and the cor-
responding deformation parameter for the single phonon excitation in each
nucleus included in the calculations are given in Table 6.2. The latter quan-
tity is taken from Refs. [127, 128]. The radius of the target and the projectile
are taken to be RT = 1.2A
1/3
T and RP = 1.2A
1/3
P , respectively, in order to be
consistent with the deformation parameters [127, 128]. All the calculations
shown below are performed at the scattering angle of θc.m. = 170
◦. We plot
the quasi-elastic cross sections and barrier distributions as a function of the





which takes into account the centrifugal energy. We calculate the quasi-




















∆E = 0.25 MeV
∆E = 0.50 MeV
Figure 6.1: Comparison of the theoretical barrier distributions for the
48Ti+208Pb system. The solid line is obtained using point difference for-
mula with ∆E = 0.25 MeV while the filled circles with ∆E = 0.50 MeV,
respectively.
one used to obtain the experimental barrier distributions [19]. Namely, we
use the point difference formula with the energy step of ∆E=0.25 MeV and
then smooth the resultant barrier distribution with the Gaussian function
with the full width at half maximum (FWHM) of 1.5 MeV. Notice that the
shape of the barrier distribution does not change significantly even if we
use a larger energy step for the point difference formula, e.g. ∆E=0.5 MeV.
Fig. 6.1 shows the theoretical barrier distributions for the 48Ti+208Pb system
obtained using point different formula with ∆E = 0.25 MeV (the solid line)
and with ∆E = 0.50 MeV (filled circles), respectively. This figure is obtained
by taking into account the coupling to one quadrupole phonon state in the
projectile and triple octupole states in the target. As we see, two results are
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completely indistinguishable.
6.1.1 Effect of double phonon excitations
Let us first discuss the effect of double octupole phonon excitations in the
208Pb target. Such excitations have been shown to play a significant role in
the sub-barrier fusion reaction between 16O and 208Pb nuclei [129, 130].
The dotted line in Fig. 6.2 shows the result of the coupled-channels cal-
culation for the 48Ti + 208Pb system obtained by taking into account the
coupling to the single octupole phonon state in the target nucleus, 208Pb,
and the single quadrupole phonon state in the projectile nucleus, 48Ti. The
mutual excitations in the projectile and the target nuclei are fully taken
into account in this calculation as well as in all the other calculations pre-
sented in this study. Figs. 6.2(a) and 6.2(b) show the ratio of the quasi-
elastic to the Rutherford cross sections, dσqel/dσR, and the quasi-elastic
barrier distribution, Dqel, respectively. Although the overall width of the
barrier distribution is reproduced reasonably well with this calculation, the
detailed structure is somewhat inconsistent with the experimental data. The
situation is similar even when we include the double quadrupole phonon
states in the projectile while keeping the single octupole phonon coupling
in the target nucleus (the solid line in Fig.6.3). We then investigate the
effect of the double octupole phonon couplings in the target nucleus. The
solid and the dashed lines in Fig. 6.2 show the results with the single and
the double quadrupole phonon excitations in the projectile, respectively,
where as the double octupole phonon couplings in the target is included
in both the calculations. The former calculation reproduces both the cross
sections and the barrier distribution reasonably well, although the latter



































Figure 6.2: Effects of multi-phonon excitations on (a) the quasi-elastic scat-
tering cross section and (b) the quasi-elastic barrier distribution for the
48Ti+208Pb system. The dotted line is the result of the coupled-channels
calculations including coupling to the one quadrupole phonon state in the
projectile and the one octupole phonon states in the target nucleus, while
the solid line is obtained by including the coupling in addition to the two
octupole phonon state in the target nucleus. The dashed line is the result
of double quadrupole phonon couplings in the projectile and the double oc-
tupole phonon couplings in the target nucleus. The experimental data are
































Figure 6.3: Effects of double phonon excitations on (a) the quasi-elastic
scattering cross section and (b) the quasi-elastic barrier distribution for the
48Ti+208Pb system. The solid line is the result of the coupled-channels cal-
culations including coupling to the two quadrupole phonon state in the pro-
jectile and the one octupole phonon states in the target nucleus. The exper-
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Figure 6.4: The quasi-elastic scattering cross sections ((a), (c), (e), and (g))
and the quasi-elastic barrier distributions ((b), (d), (f), and (h)) for the
54Cr,56Fe,64Ni and 70Zn+208Pb systems obtained with two coupling schemes
as indicated in the insets. The dashed line is obtained by including the
one quadrupole phonon state in the projectile nuclei while the solid line is
obtained with the double phonon couplings. The double octupole phonon
excitations in the target nucleus is included in all the calculations. The
experimental data are taken from Ref. [19].
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Table 6.1: The depth parameter for the real part of the nuclear potential for
the 48Ti,54Cr,56Fe,64Ni, and 70Zn+208Pb systems. The radius and the diffuse-
ness parameters are taken to be r0=1.22 fm and a=0.63 fm, respectively, for







Table 6.2: The properties of the single phonon states included in the present
coupled-channels calculations. ~ω and β are the excitation energy and the
dynamical deformation parameter, respectively.
Nucleus Iπ ~ω (MeV) β Ref.
208Pb 3− 2.614 0.110 [127]
48Ti 2+ 0.983 0.269 [128]
54Cr 2+ 0.834 0.250 [128]
56Fe 2+ 0.846 0.239 [128]
64Ni 2+ 1.346 0.179 [128]
70Zn 2+ 0.884 0.228 [128]
the double octupole phonon excitations in the target nucleus is important





our calculations in Table 6.3.
Since the coupling to the one quadrupole phonon state in the projectile
and the two octupole phonon states in the target reasonably well reproduce
the experimental quasi-elastic scattering data for the 48Ti+208Pb system,
one may expect that the same coupling scheme accounts for the experimen-


































Figure 6.5: Effects of triple phonon excitations on (a) the quasi-elastic scat-
tering cross section and (b) the quasi-elastic barrier distribution for the
48Ti+208Pb system. The dashed line is the result of the coupled-channels
calculations taking into account the coupling to the one phonon state in the
projectile and the two phonon states in the target nuclei. The solid line is
obtained by including the coupling to the one phonon state in the projectile
and the three phonon states in the target. The experimental data are taken
from Ref. [19].
of the coupled-channels calculations with this coupling scheme is shown by
the dashed line in Fig. 6.4. Figs. 6.4(a), 6.4(c), 6.4(e), and 6.4(g) are for
the quasi-elastic cross sections for the 54Cr,56Fe,64Ni and 70Zn+208Pb sys-
tems, respectively, while Figs. 6.4(b), 6.4(d), 6.4(f), and 6.4(h) are for the
quasi-elastic barrier distributions. One can clearly see that these calculations
underestimate the experimental cross sections at high energies, although the
experimental barrier distributions themselves are reproduced reasonably well.
We repeat the same calculations by including the coupling up to the double
quadrupole phonon states in the projectile, in addition to the double oc-
tupole phonon states in the target nucleus. These results are shown by the
solid in Fig. 6.4. The agreement with the experimental data is considerably
improved, especially for the quasi-elastic cross sections. See Table 6.4 for
the χ2 values. It is thus evident that the coupling to the double quadrupole
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phonon states in the projectile is needed in order to explain the experimental
data for the 54Cr,56Fe,64Ni, and 70Zn+208Pb reactions.
The reason why the double quadrupole phonon couplings is not necessary
for the 48Ti projectile while it is for the heavier projectiles is not clear at this
moment. This might reflect some ambiguity of the Monte Carlo reaction
simulation code LINDA [131] which was used to subtract the deep-inelastic
component from the experimental yields at backward angles [19]. Clearly, a
further investigation is still necessary concerning the effect of deep inelastic
scattering on quasi-elastic scattering in massive systems [16, 17, 18, 19].
6.1.2 Effect of triple phonon excitations
In the previous subsection, we have shown that the double octupole phonon
excitations in the 208Pb target play an important role in the quasi-elastic
scattering for the systems considered in this study. However, the calculated
quasi-elastic barrier distributions have a much more prominent peak than
the experimental distribution at high energies. Since it has been shown in
Refs. [16, 17] that the triple octupole phonon excitations of the 208Pb play
a significant role in the large-angle quasi-elastic scattering between 86Kr and
208Pb nuclei, it is intriguing to investigate such effects in the present systems
as well.
Table 6.3: The value of χ2 for the quasi-elastic cross sections for the
48Ti+208Pb system obtained with the coupled-channels calculations with var-
ious coupling schemes. The coupling schemes are denoted as [n2, n3], where
n2 is the number of quadrupole phonon excitation in the projectile nucleus
while n3 the number of octupole phonon in the target nucleus.
System [1,1] [1,2] [1,3] [2,2]
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Figure 6.6: Effects of triple phonon excitations on the quasi-elastic cross
sections ((a), (c), (e), and (g)) and on the quasi-elastic barrier distributions
((b), (d), (f), and (h)) for the 54Cr,56Fe,64Ni and 70Zn+208Pb systems. The
dashed line is the same as the solid line in Fig. 6.4 while the dotted line
is the results of the calculations taking the coupling to the triple octupole
phonon in the target and the one quadrupole phonon state in the projectile
nucleus into account. The solid line is obtained by including the coupling to
the double quadrupole phonon states in the projectile and the triple otcupole
phonon states in the target nucleus. The experimental data are taken from
Ref. [19]. 103
Table 6.4: Same as Table 6.3, but for the 54Cr,56Fe,64Ni and 70Zn+208Pb
systems.
System [1,2] [1,3] [2,2] [2,3]
54Cr+208Pb 52.47 49.80 20.61 11.78
56Fe+208Pb 28.46 28.36 10.44 10.28
64Ni+208Pb 57.45 61.43 32.21 30.64
70Zn+208Pb 26.52 24.81 11.36 6.87
The results of the coupled-channels calculations including the coupling
to the triple octupole phonon states in 208Pb for the 48Ti+208Pb reaction
is presented in Fig. 6.5. The dashed line is the same as the solid line in
Fig. 6.2, that is the result of single phonon in 48Ti and double phonon in
208Pb. The solid line denotes the results of the triple phonon coupling in the
target in addition to the single phonon in the projectile. By including the
triple octupole phonons in the target nucleus, the quasi-elastic cross sections
are improved slightly (see also Table 6.3). On the other hand, one can see
that the agreement for the barrier distribution with the experimental data is
much more improved by the triple phonon coupling.
The results for the other systems, 54Cr,56Fe,64Ni, and 70Zn+208Pb reac-
tions, are shown in Fig. 6.6. Figs. 6.6(a), 6.6(c), 6.6(e) and 6.6(g) are for
the quasi-elastic cross sections, while Figs. 6.6(b), 6.6(d), 6.6(f) and 6.6(h)
for the quasi-elastic barrier distributions. Let us first discuss the calculations
with the single phonon excitation in the projectile. The dotted line in the
figures is obtained by taking the coupling to the single phonon state in the
projectile and the triple octupole phonon excitations in the target. This cal-
culation underestimates the quasi-elastic cross sections at high energies and
the obtained barrier distribution is inconsistent with the experimental data.


































Figure 6.7: Effect of anharmonic octupole phonon excitations in 208Pb on (a)
the quasi-elastic cross section and (b) the quasi-elastic barrier distribution for
the 70Zn+208Pb reaction. The solid line is the coupled-channels calculation
obtained by reducing the coupling strengths to multi-phonon states, while
the dashed line denotes the results in the harmonic limit. The experimental
data are taken from Ref. [19].
triple phonon excitations in the target is taken into account as long as only
the single phonon excitation is considered for the projectile nucleus. The
results with the double phonon couplings in the projectile together with the
triple phonon excitations in the target are then shown by the solid line in
the figure. For comparison, we also show by the dashed line the results of
the double phonon excitations in both the projectile and the target nuclei,
which is the same as the solid line in Fig. 6.4. One can observe that the
inclusion of the triple octupole phonon excitations in the 208Pb somewhat
improves the agreement between the calculations and the experimental data
for both the quasi-elastic cross sections and the barrier distributions (see also
Table 6.4).
In Ref. [17], Ntshangase et al. reduced the coupling strength of (3−) →
(3−)2 states in 208Pb by a factor of (0.6) and that of (3−)2 → (3−)3 by (0.6)2
in order to explain the experimental barrier distribution for the 86Kr+208Pb
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reaction. In order to see whether such reduction of the coupling strengths
improves the agreement between the coupled-channels calculations and the
experimental data for the present systems, we repeat the calculations by
including those effects for the 70Zn+208Pb system. The results are shown in
Fig. 6.7. The solid line is obtained by reducing the coupling strengths as
Ntshangase et al. did, while the dashed line is the same as the solid line in
Figs. 6.6(g) and 6.6(h), that is obtained by assuming the harmonic limit.
In both cases, we take into account the coupling to the double quadrupole
phonon excitations in the projectile nucleus. One can see that the harmonic
model leads to a better agreement with the experimental data both for the
cross sections and the barrier distribution, as compared to the anharmonic
calculation. The difference between Ref. [17] and the present calculation
concerning the role of anharmonicity may originate from the fact that Ref.
[17] used a smaller value for RT (= 1.06A
1/3
T fm) and thus a larger value for
β3 (= 0.16). In order to clarify the role of anharmonicity of multi-phonon
excitations in quasi-elastic scattering in massive systems, it would be required
to take into account also the reorientation terms [14, 70, 71]. It is beyond
the scope of the present study, and we will leave it for a future study.
6.1.3 Surface diffuseness of the nuclear potential
We next discuss the dependence of the quasi-elastic scattering on the surface
diffuseness parameter of the nuclear potential. The standard value for the
diffuseness parameter is around 0.63 fm [86, 132, 133]. Recently, systematic
studies on quasi-elastic scattering as well as Mott scattering at deep sub-
barrier energies have revealed that the surface region of the nuclear potential
is indeed consistent with the standard value of the surface diffuseness param-
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Figure 6.8: Comparison of the experimental data with the coupled-channels
calculations obtained using different values of the surface diffuseness of the
nuclear potential for 64Ni+208Pb reaction for (a) the quasi-elastic cross section
and (b) the quasi-elastic barrier distribution. The solid and the dashed lines
is obtained using the surface diffuseness of the nuclear potential a = 0.63
fm and a = 1.0 fm, respectively. The dotted line is the results obtained by
shifting the barrier height by around + 2.40 MeV for the calculation using
a = 1.0 fm. Experimental data is taken from Ref. [19].
that the recent high precision data of sub-barrier fusion cross sections require
a larger value of surface diffuseness parameter, ranging between 0.75 and 1.5
fm [135]. Since the large-angle quasi-elastic scattering around the Coulomb
barrier may probe both the surface region and the inner part of the nuclear
potential, it is interesting to study the sensitivity of the quasi-elastic cross
sections and barrier distributions to the surface diffuseness parameter.
For this purpose, as an example, we repeat the coupled-channels calcula-
tion for the the 64Ni+208Pb reaction using the nuclear potential with a=1.0
fm. We readjust the depth and the radius parameters to be V0 = 160.70
MeV and r0 = 1.10 fm, respectively, so that the barrier height remains the
same as the one listed in Table I. We include the coupling to the double
phonon states in the projectile and the triple phonon states in the target.
Fig. 6.8 compares the results with a=0.63 fm (the solid line) to the one with
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a=1.0 fm (the dashed line). One sees that the calculations with a=1.0 fm
underestimate the quasi-elastic cross section, although the shape of barrier
distribution itself is similar to the one obtained with a = 0.63 fm. The
dotted line is obtained with the same value of surface diffuseness parameter
a=1.0 fm as the one for the dashed line, but by changing the depth pa-
rameter V0 so that the resultant barrier height is higher by 2.4 MeV. This
calculation now reproduces the experimental quasi-elastic cross sections at
energies larger than Ec.m. = 230 MeV reasonably well, but below this en-
ergy the cross sections are underestimated. Therefore, it seems difficult to
reproduce the experimental quasi-elastic cross sections with the diffuseness
parameter of a=1.0 fm at energies below and above the Coulomb barrier
simultaneously. We have checked that the situation is similar for the other
systems, 48Ti,54Cr,56Fe and 70Zn+208Pb. This result clearly indicates that
the standard value of surface diffuseness, a = 0.63 fm, is preferred by the





The effects of channel couplings on heavy-ion fusion reactions and large angle
quasi-elastic scattering have been studied through the analysis of the barrier
distribution for these processes. In the former process the barrier distribution
corresponds to second derivative of Eσfus while in the latter one to the first
derivative of dσqel/dσR. In recent years, many experimental data have been
measured devoting to extract these barrier distributions.
The concept of barrier distribution is useful in order to study the ef-
fect of the structure of nuclei participating in the reaction. We performed
the coupled-channels analysis for the fusion barrier distribution in order to
probe the characteristic properties of the structure of Ge isotopes suggested
by the experiments of Coulomb excitation. It was shown that the barrier dis-
tribution for the 74Ge+74Ge fusion reaction calculated using the transitional
matrix elements suggested by the Coulomb excitation experiment noticeably
differs from that in the rotational model, though it qualitatively resembles
that in the vibrational coupling model. In order to confirm this prediction,
it will be interesting if the precise fusion cross section measurement can be
performed to extract the barrier distribution for this reaction. The present
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analysis suggests that 74Ge may be a spherical nucleus. A more systematic
study on the ground state properties as well as low-lying excitations of this
nucleus will also be extremely useful.
From the analysis of the 72Ge+72Ge fusion reaction, it has also been
shown that the shape admixture in the ground state of 72Ge suggested by
the experiments of Coulomb excitation yields a significantly different barrier
distribution from that of the vibrational coupling model including up to
the one phonon state and the rotational model taking the ground states
rotational bands up to 2+ into account. The precise experiment of fusion
reaction between two 72Ge nuclei to extract the barrier distribution will also
be needed to compare with the present results.
We have studied the effects of double anharmonic vibrations of the 144Sm
nucleus on the large angle quasi-elastic scattering for 16O+144Sm system. We
have shown that the experimental data for the quasi-elastic scattering cross
sections for this reaction can be reasonably well explained. However, we
found that the obtained quasi-elastic barrier distribution still shows the clear
doubled-peaked structure, that is not seen in the experimental data. This
was not resolved even if we took the proton transfer channels into account.
Our coupled-channels calculations indicate that, within the same coupling
scheme, the quasi-elastic and fusion barrier distributions are always similar
to each other. Although detailed analysis including neutron transfer channels
in a consistent manner are still necessary, it is thus unlikely that the fusion
and quasi-elastic barrier distributions for this system can be explained simul-
taneously with the standard coupled-channels framework. This fact might
be related to the large diffuseness problem in sub-barrier fusion, in which
dynamical effects such as couplings to deep-inelastic scattering are one of
the promising origins [135, 136, 137]. It is still an open problem to perform
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the coupled-channels calculations with such dynamical effects and explain
the difference of the shape between the fusion and the quasi-elastic barrier
distributions for the 16O+144Sm reaction.
We have also performed detailed coupled-channels analyses for large-
angle quasi-elastic scattering of the 48Ti,54Cr,56Fe,64Ni, and 70Zn+208Pb sys-
tems, where their experimental barrier distributions have been extracted re-
cently [19]. Our coupled-channels calculations including the multi-phonon
excitations of the colliding nuclei reproduce the experimental quasi-elastic
cross sections as well as the barrier distributions, indicating clearly that the
coupled-channels approach still works even for massive systems [10]. It was
crucial to subtract properly the deep-inelastic components from the total
backward-angle cross sections in order to reach these agreements between
the calculations and the experimental data.
In more details, the calculation with the single quadrupole phonon exci-
tation in 48Ti and the triple octupole phonon excitations in 208Pb reproduces
reasonably well the experimental data for the 48Ti+208Pb system. On the
other hand, for the 54Cr,56Fe,64Ni, and 70Zn+208Pb systems, we found that
the coupling to the double quadrupole phonon excitations in the projectile
nucleus in addition to the coupling to the triple octupole phonon states in
the target nucleus seems to be needed to fit the experimental data. These
results suggest that the triple octupole phonon excitations in the 208Pb nu-
cleus plays an important role in describing the experimental data for the
quasi-elastic cross section and the quasi-elastic barrier distribution for the
present massive systems. This is consistent with the previous finding for the
86Kr + 208Pb system [17].
Although our calculations well reproduce the gross features of the ex-
perimental barrier distributions, higher precision data are still required in
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order to study the detailed structure of the barrier distributions, especially
the role of multi-octupole phonon states in 208Pb. From the theoretical side,
a further detailed investigation will also be necessary, taking into account
the anharmonicity of the multi-phonon excitations.
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One of the most important ingredients in describing heavy-ion collision around
the Coulomb barrier is the inter-nuclear potential between two colliding nu-
clei. The potential is given as a sum of a short range attractive nuclear
potential and the long range repulsive Coulomb potential, that is
V (r) = VN(r) + VC(r). (A.1)







in the outside region where the projectile and the target nuclei do not overlap
with each other. For the nuclear potential, there are several ways to construct
it. In this appendix, we present methods how to calculate that potential
microscopically.
A.1 Phenomenological potential
One method to obtain the nuclear potential is by folding a nucleon- nucleon
interaction in the projectile and the target density [86]. The nuclear potential
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in this double folding procedure is given by
VN(r) =
∫
d~r1d~r2vNN (~r2 −~r1 −~r)ρP (~r1)ρT (~r2) (A.3)
where vNN is an effective nucleon-nucleon interaction, ρP and ρT are the
densities of the projectile and target nuclei respectively. Akyüz and Wither
numerically performed this procedure and parametrized the nuclear interac-
tion in the Woods-Saxon form as [85]
VN(r) =
−V0
1 + exp [(r − R0) /a]
, (A.4)
with
V0 = 16πγR̄a, (A.5)
R0 = RP +RT + 0.29, (A.6)
Ri = 1.233A
1/3
i − 0.98A−1/3i (i = P, T ), (A.7)












where a = 0.63 fm and γ0 = 0.95 MeV fm
−2.
Another way to determine the nuclear potential is to assume a certain
form of it and determine the parameters, e.g., the depth V0, radius R0 and
diffuseness a, so that they reproduce the experimental data. Cristensen and
Winther used the experimental data of elastic scattering to derive the nuclear
potential in a form [132]
VN(r) = V0R̄exp [− (r − RT − RP ) /a] (A.10)
where RP , RT , R̄ and a are the same as those in the Akyüz-Winther poten-
tial described above. A method to use experimental data of heavy-ion fusion
reactions at energies above the Coulomb barrier is discussed in Ref. [138].
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This methods has also been applied to high precision data of heavy-ion fu-
sion cross sections [8, 135]. The results suggest that the such procedure leads
to a Woods-Saxon potential which has a larger surface diffuseness parame-
ter a than that extracted form the experimental data of elastic scattering,
i.e. a = 0.63 fm. The suggested values of the diffuseness parameter ranges
from 0.75 to 1.1 fm. It has later shown that the effects of internal excita-
tions play an important role in determining the empirical nuclear potential
for the 16O +144Sm reaction [123]. However those effects are negligible for
deformed systems 16O +154Sm,186W at energies above the Coulomb barrier
where the experimental data are fitted and thus the origin of the large surface
diffuseness parameter has still remains an open problem.
A.2 Energy density formalism
Another method to construct the inter-nuclear potential between two heavy-
ions is the so-called energy density formalism (EDF). In this formalism, the
inter-nuclear potential is assumed to be given by an energy density for the
dinuclear system consisting of the target and projectile nuclei. This formal-
ism was firstly introduced by Bruckner et al. [139] to describe heavy-ion
scattering and has been widely used by e.g. Ngo et al. [140], Brink et al.
[141, 142], Dobrowolsky et al. [143], and recently by Min Liu et al. [144].
The nuclear potential in this formalism is given by
VN(r) =
∫
{εnuc[ρ(P )p (~R) + ρ(T )p (~R,~r), ρ(P )n (~R) + ρ(T )n (~R,~r)]
−εnuc[ρ(P )p (~R), ρ(P )n (~R)]− εnuc[ρ(T )p (~R,~r), ρ(T )n (~R,~r)]}d~R. (A.11)





n (~R) are the proton (p) and neutron (n) density distributions of the
projectile (P) and target (T) nuclei, respectively. ρ(~R,~r) represents the den-
116
sity whose center is at ~r. The first term in Eq.(A.11) represents the energy
of the system when two ions are separated by distance R, while the second
and the third terms are the ground state energy of each ion.
Based on the Skyrme functional, the energy density in Eq. (A.11) is
given as a functional of local density ρq(~r), the kinetic energy density τq(~r)
and the spin-orbit density ~Jq(~r), q stands for either of two kinds of nucleons





















~Jq · ~Wq (A.12)
where the mass form factor fq is given by




and the spin-orbit potential Wq by
~Wq(~r) = −B9∇(ρ + ρq). (A.14)
where quantity ρ corresponds to the sum of neutron and proton densities as
ρ = ρn + ρp and τ = τn + τp.










































































where t0, t1, t2, t3, x0, x1, x2, x3, W0 and α in Eq. (A.12) are the usual
Skyrme parameters.
A semi-classical expansion of the physical quantities in the functional
such as the spin orbit density ~Jq(~r) and the kinetic energy density τq(~r) in
(A.12) is employed based on the Extended Thomas-Fermi Approach [146,
147], where the zeroth order of the expansion corresponds to the usual
Thomas-Fermi approximation. In this approximation, one can express ~Jq(~r)
and τq(~r) as a function of the local density ρq(~r) and its derivative where the
Planck’s action quantum ~ as an order of parameter.
The semi-classical expansion of the kinetic energy density is given as
τ (ETF )q [ρq] = τ
(TF )
q [ρq] + τ
(2)
q [ρq] + τ
(4)
q [ρq] (A.24)
where the lowest order of the expansion τ
(TF )
q [ρq] is the well known Thomas
Fermi kinetic energy density






q [ρq] is the semi-classical correction of the second order and τ
(4)
q [ρq] is of
the fourth order in ~. The second order correction is given as






































The fist term in this equation is known as the Weizsäker correction. The
fourth order correction, without spin-orbit contribution, is given by [146]


























































− 12(∇fq · ∇ρq)∆fq
f 2q ρq
− 24∇fq · ∇(∇fq · ∇ρq)
f 2q ρq
−44∇ρq · ∇(∇fq · ∇ρq)
fqρ2q
− 16∇fq · ∇(∇ρq)
2
fqρ2q













The influence of the spin-orbit interaction to the semi-classical functional
constitutes simply an additive term to the spin-orbit independent part of
τ
(4)so
q and its contribution is given as













~Wq ·∆ ~Wq +
1
2









2 ~Wq · (∇fq · ∇) ~Wq +∇ · ~Wq(∇fq · ~Wq)
+∇fq · ( ~Wq · ∇) ~Wq + ~W 2q ∆fq + ~Wq · ∇( ~Wq · ∇fq)
−1
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The expansion of the spin orbit density has similar forms as τ
(ETF )
q (ρq).
The difference is that the spin is purely quantal quantity which has no clas-
sical analogy. Therefore, there is no contribution to the semi-classical ex-
pansion in the lowest order, i.e., at the level of Thomas Fermi approach, and
only the 2nd- and 4th-order contribute to the expansion. According to [146]
~J (ETF )q [ρq] =
~J (2)q [ρq] +
~J (4)q [ρq] (A.29)
where









































(∇ρq · ∇) ~Wq




(∇fq · ∇ρq) ~Wq + (∇fq · ~Wq)∇ρq
)]}
(A.31)
are the second and the fourth order contributions respectively.
The energy density εnuc, Eq. (A.12) is now expressed as a unique func-
tional of proton and neutron densities alone. Once these densities are known
then the nuclear potential can be calculated using Eq. (A.11). We will apply




Sub-barrier fusion cross section
with energy density formalism
B.1 Introduction
Since heavy-ion fusion reactions probe the region inside the Coulomb barrier,
where the projectile and target nuclei appreciably overlap with each other,
the effect of saturation plays an important role [149]. There is actually a
model for internuclear potential which consistently takes account of the sat-
uration property of nuclear matter. The energy density formalism (EDF)
discussed in Appendix A.2 consistently takes into account the saturation
property of nuclear matter. Earlier studies have shown that this method
can account for the elastic scattering of 16O+16O reaction [139] and the ex-
perimental barrier height for many systems [140]. Brink and Stancu have
investigated intensively the applicability of this method using the Skyrme
energy functional [141, 142]. They also showed that the EDF potential is
consistent with the proximity potential. A similar conclusion was also ob-
tained in Ref. [143] using a higher-order Thomas-Fermi approximation for the
kinetic energy and spin orbit densities. More recently, the EDF was applied
to the simplified coupled-channels calculations for heavy-ion fusion reaction
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at sub-barrier energies [144].
In this appendix, we apply the EDF to heavy-ion fusion reactions and
perform the full order coupled-channels calculations [150]. In particular, we
analyze the fusion reactions of 16O with 154,144Sm,186W and 208Pb. We also
discuss the effect of saturation property on the fusion cross section at energies
close to, and well below, the Coulomb barrier for 64Ni+64Ni fusion reaction,
for which the so called steep fall-off phenomenon was recently reported [151].
B.2 Coupled-channels calculations with EDF
In the following calculations, we use the SkM* parameter set [147]. This pa-
rameter set gives the incompressibility of nuclear matter which is close to the
experimental value [147], and has been successfully used for the description
of ground state properties for many nuclei.
The densities of the colliding nuclei is obtained with the Skyrme-Hartree-
Fock (SHF) method using the same parameter set of the Skyrme interaction
as that we employ for calculating the internuclear potential. The pairing
correlation is taken into account in the BCS approximation with the constant
gap approach. We take ∆p = ∆n = 11.2/
√
A for this purpose. We fit the
SHF density with a modified Fermi function in evaluating the internuclear
potential according to Eq. (A.11). The overall scaling factor for the potential
obtained in this way is introduced so as to reproduce the experimental data.
The channel coupling does not play so important role at energies above
the Coulomb barrier. We therefore first perform the single-channel calcula-
tion for each system by ignoring nuclear intrinsic excitations and determine
an overall normalization factor of the EDF potential in order to reproduce
the experimental fusion cross sections at high energies. In order to facilitate
the coupled-channels calculations, which are essential at energies below the
122
Coulomb barrier, we simulate the surface region of the resultant potential
by Woods-Saxon form. The normalization factor (N), the optimum Woods-
Saxon parameters (V0, r0, a), and the corresponding Coulomb barrier height
(VB) for each system are summarized in Table B.1. We notice from Table
1 that the EDF potential provides the surface diffuseness parameter a of
around 0.7 fm, which is similar to the result of double folding model [148]
and is almost independent of the system.
In performing the coupled channels calculations, we introduce the exci-
tation operator for the intrinsic excitation, through the radius parameter of
the target nucleus in the standard way. We used the computer code CCFULL
[21] for numerical calculations.
Figures B.1(a) and B.1(c) show the fusion cross sections for 16O+154Sm
and 186W reactions, respectively, as functions of the incident energy in the
center of mass frame. The corresponding fusion barrier distributions are
shown in Figs. B.1(b) and B.1(d). We include the deformation parameters
up-to β6 of the target nucleus in both cases [75]. The ground state rotational
band up-to the 10+ and 14+ member of the 154Sm and 186W, respectively, is
taken into account. We determine the deformation parameters by fitting to
the experimental fusion cross sections. The resultant deformation parameters
are β2 = 0.33, β4 = 0.035 and β6 = 0.033 for
154Sm, and β2 = 0.335,
Table B.1: Normalization factor and optimum Woods-Saxon parameters for
the EDF potential for the 16O+144,154Sm, 186W, and 208Pb reactions.
System N V0 (MeV) r0 (fm) a (fm) VB (MeV)
16O+144Sm 1.20 74.02 1.140 0.74 61.21
16O+154Sm 1.31 82.66 1.144 0.75 59.54
16O+186W 1.37 86.86 1.152 0.73 69.02









































































Figure B.1: Fusion cross sections and fusion barrier distributions for the
16O+154Sm (1(a) and 1(b)) and 16O+186W (1(c) and 1(d)) reactions. Exper-
imental data are taken from Ref. [8].
β4 = −0.045, and β6 = 0.018 for 186W. These values are similar to those
obtained in [75]. The figure clearly shows that our calculations well reproduce
the experimental data.
We next study the fusion reactions with spherical target nuclei, that is
16O+144Sm and 208Pb reactions. We include the couplings to the 2+ and 3−
vibrational states in 144Sm and to the 3− and 5− states in 208Pb. We estimate
the deformation parameters from the experimental B(E2), B(E3) and B(E5)
values. The excitation energies and deformation parameters are E2 = 1.66
MeV, β2 = 0.11 and E3 = 1.81 MeV, β3 = 0.205 for
144Sm and E3 = 2.615
MeV, β3 = 0.161 and E5 = 3.928 MeV, β5 = 0.056 for
208Pb. The results of








































































Figure B.2: Same as Fig. B.1, but for 16O+144Sm (B.1(a) and B.1(b)) and
16O+208Pb (B.1(c) and B.1(d)) reactions. The experimental data are taken
from Refs. [8] and [130].
in Fig. B.2. We see again that the present calculations well reproduce the

































































Figure B.3: The total (Fig. B.3(a)) and nuclear (Fig. B.3(b)) poten-
tials for 64Ni+ 64Ni reaction calculated with three different Skyrme forces.
Figs. B.3(c) and B.3(d) show the fusion cross sections obtained with these
potentials.
B.3 Effect of incompressibility
We next discuss the effect of incompressibility of nuclear matter on the fu-
sion cross section. We are especially interested in the connection between the
nuclear incompressibility and the steep fall-off problem at deep sub-barrier
energies. We therefore choose the fusion reactions of two 64Ni nuclei, whose
fusion excitation function shows the steep fall-off problem [151]. Figures
B.3(a) and B.3(b) show the total potential and the nuclear potential for this
system obtained with EDF using three different Skyrme parameters. The
solid, dashed, and dotted lines have been obtained with SIII (K∞=355.4
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MeV) [153], SGI (K∞=269 MeV) [154] and SkM* (K∞=216.7 MeV) [147]
parameter sets, respectively. One observes in Fig. B.3(b) that the nuclear
potential tends to be shallower and more repulsive with increasing incom-
pressibility. The fusion excitation function slightly reflects these differences
as shown in Figs. B.3(c) and B.3(d).
A more important observation in connection with the steep fall-off prob-
lem is that the nuclear potential, hence also the total potential, have a much
shallower depth at the potential minimum compared to the corresponding po-
tentials given by the double folding model (DFM) irrespective to the choice
of the force parameters. The DFM using the M3Y force and the same densi-
ties as those in the present EDF does not actually show a potential pocket,
and the depth is as large as −2500 MeV and −2250 MeV for the nuclear
and total potentials, respectively. The EDF using the Skyrme force yields
a shallow potential irrespective to the parameter sets, because the nuclear
saturation property is taken into account to some extent for all of them.
Interestingly, as shown in Fig. B.3(a), the minimum energy of the potential
pocket nearly equals to that discussed by Misicu and Esbensen [149], who
modified the DFM by adding a repulsive term in order to explain the steep-
fall off phenomenon. The minimum position, which is about 80 MeV in the
present calculation, is comparable to energy ES ∼ 87 MeV, where the data
of the fusion excitation function start to fall steeply.
B.4 Discussions and further perspectives
In the present studies, we employed the frozen density approximation, where
the total density of the system is simply given by the sum of the densities of
the projectile and target nuclei. This approximation leads to the unphysically
high density matter when two colliding nuclei completely overlap and may
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break down inside the Coulomb barrier. This problem can be, at least partly,
resolved by respecting the Pauli principle, i.e. the role of antisymetrization
in the calculation of the densities of two colliding nuclei [141, 155]. Another
problem which should be examined is the adiabaticity of the fusion reactions.
The frozen density approximation implies that the reaction takes place sud-
denly. However, it is not obvious whether the sudden approach holds to a
good approximation for the reactions at low energies. The opposite limit is
the adiabatic approximation, where the densities of the colliding ions change
dynamically at every instant. The EDF can accommodate both limits in
a natural way, and is suited to examine the adiabaticity of the reactions.
In connection with the steep fall-off problem, it is an interesting to study at
what energy the present sudden approximation breaks down and whether the








In this Appendix, we discuss the problem of numerical instability of coupled-
channels calculations and the stabilization methods which we employ in the
present calculations for the quasi-elastic scattering at backward angles.
The coupled-channels equations (6.2) form a set of N second order cou-
pled linear differential equations, where N is the dimension of the coupled-
channels equations. These equations can be solved by generating N linearly
independent solutions and taking a linear combination of these N solutions
so that the asymptotic boundary condition, (2.53), as well as the regular
boundary condition at the origin, are satisfied. The linearly independent
solutions can be obtained by taking N different sets of initial conditions at
r = 0. We denote these solutions by φnni(r), where n refers to the channels
while ni refers to a particular choice of the initial conditions. A simple choice
for the N initial conditions is to impose
φnm(r)→ crJ+1δn,m, for r → 0, (C.1)
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where c is an arbitrary number and J is the total angular momentum. With




















Vnn′(r)φn′m(r) = 0, (C.2)
are solved outwards up to a matching radius Rmax. The wave functions un(r)





where the coefficients Cm are determined so that the asymptotic boundary
condition (2.53) is fulfilled.
In the classical forbidden region, the scattering wave functions expo-
nentially damp as the coordinate r decreases. For the smaller energy, the
damping is the stronger. Therefore, when the excitation energy εn is finite,
the absolute value of the wave functions for each channel are different by
order of magnitude in the classical forbidden region, and thus the wave func-
tions tend to be dominated by that of the channel which has the smallest
excitation energy. This easily destroys the linear independence of the N nu-
merical solutions φnm, and causes the numerical instability. This is a serious
problem especially when the coupling is strong, as in the massive systems
which we discuss in this thesis.
Several methods have been proposed in order to stabilize the numerical
solution of the coupled-channels equations [156, 157, 158, 159]. In the present
calculations, we stabilize the solutions by diagonalizing the wave function
matrix φnm at several points of r in order to recover the linear independence.
That is, at some radius rs, we compute the inverse of the matrix Anm =
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φnk(r) · (A−1)km. (C.4)
The new wave functions φ̃ obey similar coupled-channels equations as Eq. (C.2),
with the boundary conditions given by,
φ̃nm(rs − h) =
∑
k
φnk(r − h) · (A−1)km, (C.5)
φ̃nm(rs) = δn,m. (C.6)
Here, h is the step for the discretization of the radial coordinate, r. These
coupled-channels equations are solved outwards from rs. The solutions φ can
then be constructed as φ = A · φ̃. We impose this stabilization procedure up
to r = 15 fm with an interval of 1 fm. Although this method is similar to
those in Refs. [158, 159], our method is much simpler to be implemented.
This method is sufficient for intermediate heavy systems, such as 16O +
144Sm. For massive systems, however, we still encounter a small numerical
instability [160]. In order to cure this problem, in addition to the stabi-
lization method (C.4), we also adopt two other methods, which are used in
the computer code FRESCO [161]. That is, we introduce two radii, Rmin and
Rcut. Rmin is the radius from which the coupled-channels equations (C.2) are
solved, i.e., these equations are solved from r = Rmin instead of r = 0, by
setting φnm(r) = 0 for r ≤ Rmin. Rcut is a cut-off radius for the coupling
matrix, i.e., the off-diagonal components of the coupling matrix Vnn′(r) are
set to be zero for r ≤ Rcut. Both the procedures are justified when the ab-
sorption is strong inside the Coulomb barrier, as in heavy-ion systems, and
the results are insensitive to the particular choice of Rmin and Rcut as long
as they are inside the Coulomb barrier. Typically, we take Rmin= 6 fm and
















rmin= 6 fm,  rcut= 10. fm















Figure C.1: Dependence of the results of the coupled-channels calculations on
Rmin andRcut for (a) the quasi-elastic cross section (b) the barrier distribution
for the 64Ni+208Pb system.
the pocket and the barrier appear at e.g., 11.3 and 13.2 fm, respectively, for
the 64Ni+208Pb system with the nuclear potential given in Table 6.1).
Fig. C.1 shows the sensitivity of the result of the coupled-channels calcu-
lation on the choice of Rcut and Rmin for
64Ni+208Pb system. Fig. C.1(a) is
for the quasi-elastic cross section while Fig. C.1(b) for the barrier distribu-
tion. The solid line is obtained with Rmin = 6 fm and Rcut = 10 fm which is
employed in the calculations presented in Chapter 6 of this thesis. The filled
circles are the result with Rmin = 2 fm and Rcut = 6 fm. As we see, the two
calculations are indistinguishable. So our stabilization methods work very
well and almost independent on the choice of Rcut and Rmin as long as they
are located in the inner region of the potential.
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